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Teaser / Spoiler

BCD subtyping [1983] is a fragment of Lambek calculus [1958].




BCD Intersection Types



BCD Typing System
Terms and types

tu=x| At |t
A:=X|A—A|ANA|Q

Typing rules

x:AFx:A

I''x:A+t:B I't:A—B I'Fu:A

I'Mxit:A— B I'tu:B

'kt A I'+t:B S
TFi:ANB Lhr:Q

I'Ft:A A<B
I't:B




Models out of Types

Semantics
[l ={A]| Ft:A}
Subject reduction
t—u = T'Ft:A=TFu:A

t—u = [t] C[u]

Subject expansion
t—u = Thru:A=TFr:A
t—u = [t 2 [u]

Model
t—u = [t] =[u]



BCD Invariance

Subject S-reduction

Na—B<a—8 2 cr a<a A (B <B

il jes jer

Subject S-expansion

CH"/y] A = B, I''x:BFt:A AN T'Fu:B



BCD Subtyping

ANB<A ANB<BHB A<ANA

A<C B<D
ANB<CND A<Q

C<A B<D
A—B<C—>D

(C—-A)N(C—-B)<C— (ANB) N<Q—-Q



Subtyping Revisited

(N,2 Rules)

ANB<A ANB<B A<ANA

A<C B<D
ANB<CND A<Q

BCD N,Q2rules = bounded meet-semilattice



Subtyping Revisited

(N,2 Rules)

Whitman’s presentation




Subtyping Revisited

(N,2 Rules)

ALC B<LC
ANB<LC ANB<LC

C<A C<B
C<ANB

Whitman’s presentation

IN



Subtyping Revisited

(N,2 Rules)

AEC BFC
ANBEC ANBEC

CFA C+B
CFANB AFQ

&, T additive linear logic




Arrow Rules

Original version

C<A B<D
A—->B<C—D

(C—=A)N(C—B)<C—(ANB) N<Q—-Q

Arrow seen as implication

CFC AFA CFrC BFB
C—ACFA C>BCFB

(C>A)N(C—B),CFA (C—AN(C—B),CFB

(C—=A)N(C—B),CHANB
(C—-A)N(C—-B)FC—(ANB)

Remark:  more structure in sequents = deeper inference




Sequent Calculus for Subtyping

Pitfalls

A—-B—-C+FFB—-A—=C C.DFA BLE

A—B,C,DFE
AFB A—-BCHD—E

_FA—B A—B+-C—D—E

Sequents
A|By,...,B, B
[A|B,...,Byt+Bl=A<By—---—B,—B
Rules

C|T,A+B C|.FA B|TFD
C|[TFA—>B A—B|[CTFD

CITFQ



Sequent Calculus IS

Rules

Al FA

C|ITFA C|THB
C|THFANB

C|T,AFB
CIT'FA—B

Admissible cuts

A|TFB  B|AFC

CITFQ
A|TkC B|TFC
ANB|TFC ANB|TFC

C|FA B|THD

A[T,AFC

A—B|CTFD

Al B C|T,BAFD
C|T,A,AFD




Properties
Equivalence with BCD
A<B = A| FB

Subformula property
clrcC Al FA c|lrcC B| FB
CoA|CHA C—>B|CHB
(C—»AN(C—B)|CHA (C—A)N(C—B)|CFB

(C—A)N(C—B)|CHANB
(C—A)N(C—B)| FC— (ANB)

Reversible right rules

C|THA C|T+B C|T,A+B
C|THANB C|THA—B

CITFQ
Condition (/3) [slightly generalized form]

ﬂAi_>Bi|A,FI—B = CI, A|FﬂAj A ﬂBJ'|FFB
icl ies el



Lambek Calculus



Lambek Calculus L*

Plagiarism by Anticipation:
L* is Noncommutative Intuitionistic Multiplicative Linear Logic

Formulas
A:=X|A/A|A\A|AeA
Rules
AFA

ILAFB 'A  ABXHC
T+ B/A A,B/AT, S+ C
ATFB T'FA  ABYFC
T+ A\B AT,A\B,SFC
I'HA AFB I''A,B,AFC

T,AFAeB T, AeB, Al C



Lambek Calculus L*

Formulas
Az=X|A/JA|AXA|I
Rules
AFA

I'A+B 'FA A B,X+C

I'+B/A A,B/A,T X+ C
'FA I'-B I''AA-C I''B,AFC

'-AxB I'AxB,AFC INAxXB,AFC

k1



A Naive Translation

X=X
(A — B)° =B°/A°
(ANB)° = A° x B°
Q° =1

A ‘ r l_IS B = AO,FO L B°
A|THgB 4  A°T°hu B°

X X Y Y

X—>Y||—|Sy Z‘X)—|SZ
Y/X,X Fie Y Zhes Z

Y5 Z| XY, XbgZ

Y Z|X—YhsX—Z Z/Y,Y/X, Xt Z

Z/Y,Y/X bix Z/X




A Girard Style Translation

X=X
(A— B)*=B*/--A"
(ANB)* = A®* x B®
Q*=1

A ‘ T I_IS B = A., ——I* |—|_* B*
A | T |—|s B = A., ——I* |—|_* B*

[R and S: fresh/dedicated atoms]

A<B <— A® - B®




Translation Proof Sketch

C°FA*  SES
S/A®.C*+ S
S/A*F S/C* RFR
R/(S/C*),S/A* R
R(S[C) FRI(S/A%),
—=C* F —-A® B*,—~—I*+ D*
B*/——A®,——C*,——[* I D*

Lemma l: ——I'* A*F/S
Lemma?2: —--I'*,S/A*+-R = T =[C] A C°FA*

Lem 1 C*H A® Lem 2
——AY A S -—I'7,5/A® =R
=AY - S/A® — - F —-A® B®,——I'S - D*

C*,——I*, ——A®,=—A* - D* B®/=—A®,~—T* I- D*



On the Complexity of Subtyping



Reversed Sequent Calculus |S,ey

X|FX C|ITFQ
C|THA C|T+B AITHX B|THX
C|[ITFANB ANB|TEX ANB|TEX
C|T,A-B C|FA B|TFX
C|THFA—B A—B|CTHEX

Property

A|F|—|SrevB — A|P|—|sB




Proof Search in ISe,

@ Look at rightmost formula:

o C|I'FQ
e C|THFA—B
e C|THFANB
o C|THX

@ Look at leftmost formula:

o Y|CTHX

o Y| FX (Y#X)
o X|FX

o QITHX

e A—-B|FX

o A>B|CTHX
o ANB|I'FX

I 4 44

R I N R

done
C|T,AFB
CITHA

g0 to next step

not provable
not provable
done

not provable
not provable
C|FA
A|TEFX or

C|T+B

B|THX
B|THX



Upper Bound

@ Subsequent coordinates

two pointers to subformulas: A|THB
m one on each side of |
m —-position(A) R-suffix of —-position(B)

@ Search space

XNX|FX Y| FY
XY |[XNXFY ZIXNX+Y
YIrYy X=Y)nzZ|Xnxry X-Y|FZ Z|FZ
Y5 (X=>Y)NZ) | Y, XNXFY YIFY  X-=Y)nZ|+FzZ
Y= (X=Y)N2)|YFXNX) =Y Y= (X=Y)nZ)|YHZ

Y5 (X=>Y)NZ2) | YH(X'NX)—=>Y)NZ
Y- (X=Y)N2)| FY = ((XNX)=Y)N2Z)

Proposition
BCD subtyping is in ALOGSPACE = PTIME.
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Upper Bound
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Variations and Extensions



BCD with Constructors

Covariant constructors in BCD

A:z=k(A) A5 A|ANA|Q

— — -

B ) #(A) N k(B) < k(AN B)

k<K - A;
< w/(A) (A’)

IN I/\

B;
K

From implication-centric to intersection-centric sequents

[A|By,...,By-B]=A<By—---—B,—B
[Ci,...,C,FD]=CiN---NC, <D

AFA Bl B
ABFA A,BF B
CrC CrC ABFrANB

C—-AC—BFC— (ANB)
(C=A)N(C—=B)FC—(ANB)




Sequent Calculus for General Constructors
Formulas
Az=k(AA) |ANA
Rules (sketch)

'+C I'-C
ol C I, k(A) F C
A TFB I A,BF-C
TFANB T,ANBFC

Vi Vi

Ki XK AFA; Bi,...,B, B
/ﬁ;l(Al;Bl),. . .,Rn(An;Bn) H H(A;B)

Admissible rules
r-C ILAAFC I'FA AAFC

TAFC AFA T,AFC T,AFC



n-Invariance

Necessary and sufficient condition
ﬂA,-—>B,~ <X < ﬂA,-—>B,-
il il
Scott solution
X=0-X

|FA  B|FX
ASB|THX

X|THX

Generic approach
X =i, A — BY

C|T,AX+BY ... Al +AX  BX|TkC

CITHX X[ATFC
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