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Time analysis

P =
newref r in
wait(2) | wait(1)
Ir r := true
wait(2)
Semantics.

My v [M]=1v],

v € {true, false}
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Time analysis

P =
newref r in
wait(2) | wait(1)
Ir r := true
wait(2)
Semantics.
My M] = [v], v € {true, false}

Q. What is the minimal amount of time necessary to run P?
— to get true?
— to get false?
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What programs?

Concurrency Replication Parametrisation (shared)
interleavings Memor
g y

Typed A-calculus
(Higher order functions)

[LMMP13]
Weighted relational
model

[Ghica05]
Slot games
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What programs?

Concurrency Replication Parametrisation (shared)
(multi-core) Memory

Typed A-calculus
(Higher order functions)

[LMMP13]
Weighted relational
model

[Ghica05]
Slot games
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The R-IPA language

o Types:
B = com | bool | memg | memy,
AB = B|A—B
@ Syntax:
M,N = |x|Xxt]|MN

| true | false | ifte b M N

| skip | MiN [ M || N| L

| wait(r) with r € R

| newref rin M | IM | M := true

Affine typing.

Mr:memg,r . memytHM:A T FM:bool A N:com
I+ newref rin M: A IMAF M| N:bool
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Expressivity - examples

Coin

newref rin ( r:=true || !r)

Strictness testing.

A feem—eeom - newref r in

(f (r:=true)) ; 'r

Parallelism testing.

A feommecom=ecom = newref x,y,z1,22 in

f (if (!x) then (skip) else (z1 := true ; y := true))
(if ('y) then (skip) else (z2 := true ; x := true)) ;
('z1) and (1z2)



The R-IPA language (2)

@ Interleaving-based small-step operational semantics:
<M,S, t>, LE M:Bwith Be B, teR,s: L — {true,false}

Reduction rules:
((Ax.M)N, s, t) — (t[N/x],s, t) (wait(r), s, t) — (skip,s,t +r)
(skip; M, s, t) — (M, t) (skip || M, s, t) — (M, s, t)
(v := true, s, t) — (skip, s[v > true], t)
Contextual rules:

<M7 57 t> _> <Ml7sl7 t/>
(MIIN, s, t) = (M'[|N,s", t')

Definition
For v € {true, false, skip}, M Uytv o iff (M, 0,0) —=* (v,s,t).
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Slot games [Ghica05]

newref r in
wait(2)
Ir

wait(1)
r := true
wait(2)
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wait(2)
wait(2), Ir, wait(1), r:=true, wait(2) P ||° false
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Slot games [Ghica05]

newref r in
wait(2) || wait(1)
Ir r = true
wait(2)
wait(2), Ir, wait(1), r:=true, wait(2) P ||° false

wait(2), wait(1), r:==true, r, wait(2) P | true
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Slot games [Ghica05]

newref r in
wait(2) || wait(1)
Ir r = true 5
wait(2)
wait(2), Ir, wait(1), r:=true, wait(2) P ||° false

wait(2), wait(1), r:==true, !r, wait(2) P | true

[Pl={run@ O @ F, run @ redD @ t, ...}

Computational adequacy: My v iff Jte[M]st|tl=r
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Slot games [Ghica05]

newref r in
wait(2) || wait(1)
Ir r = true 5
wait(2)
wait(2), Ir, wait(1), r:=true, wait(2) P ||° false

wait(2), wait(1), r:==true, !r, wait(2) P | true

[P] = {run ® f, run ® t}

Computational adequacy: My v iff Jte[M]st|tl=r



True concurrency?

Q: What about multicore systems?

newref (r,false) in
wait(2) || wait(1)
Ir r = true
wait(2)
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True concurrency?

Q: What about multicore systems?

newref (r,false) in
wait(2) || wait(1)
Ir r:= true
wait(2)

P {L3 true !

8/26



9/26
True concurrency?

Q: What about multicore systems?

/

(M,s,t) =" (M',s',¢') (N,s,t) =" (N, s".t")
<M H N;S, t) —>* <M/ H N/,S/ > S”, maX(tl’ t//)) interfering

- 5,5’ are non interfering iff V£ € L,

s:L— W R s(0) < s(') or s'(£) < s(0)

\WR - s’ a8 (0) =V (s'(6),s"(£))
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True concurrency?

newref (r,false) in
wait(2) || wait(1)
Ir r:= true P |* false
wait(2)

ﬂ:ma><(2,2+2):4

[CC16] + time annotations



True concurrency?

newref (r,false) in
wait(2) || wait(1)
Ir r:= true P 3 true
wait(2)

[CC16] + time annotations
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Resource tracking concurrent games

© Concurrent games with annotations
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Concurrent games

@ Types as arenas

[com] = run [bool] = q

¥

done e~ ff

Definitions
An arena (|A|, <a, #a4, pol,) is an event structure with polarity:
@ (|A|,<a) a causal relation (partial order, with finite histories [a]),
@ #a4 a binary conflict relation (up-closed),
@ poly: A— {—,+},
that is
o negative: pol(min(A)) = {—}

o well-threaded: for all a € A, min([a]) is unic.

% (A) is the set of configurations: down-closed compatible subsets of A.




Concurrent arenas

Constructions on arenas.

o If Ais a arena, A* has the same structure with polarity inverted.

e If A, B are arenas, A® B has events |A| + |B|, and components inherited.

Linear map.

o If A, B are arena and B is rooted, A — B is

B
Ai/ '

i.e. A ® B with extra relation min(B) < a for all a € |A|.

[ (bool —o bool —

o ey o Dy

com) —o com ]

2/ run
run L

done

13/26
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Concurrent games

@ Programs as strategies

[skip] : com [1I]: ecom & com —— com

run run

$ 4-/‘/
done rung rung

¥

done, done,
done

Definition

A play (gq,<gq) : A'is a partial order s.t.:
o (rule respecting) €(q) C €(A)
o (courteous) a — b
o (well-threaded)




Annotated concurrent games

@ Programs as annotated strategies

[skip] : com [1I7: ecom & com —— com
run* run™
done run){é%
doney done3

—

done mx(v>2)

Definition

A play (gq,<g) : A'is a partial order s.t.:
o (rule respecting) €(q) C €(A)
o (courteous) a — b
o (well-threaded)

A R-annotation for g is a mapping A : (s : |q]*) = (RFl" — R).

14/26



Annotated concurrent games

@ Programs as annotated strategies

[wait(t)] : com [1/]: com & com — com
run™ run®
dor ke - 4%

done max(v»2)

Definition

A play (gq,<g) : A'is a partial order s.t.:
o (rule respecting) €(q) C €(A)
o (courteous) a — b
o (well-threaded)

A R-annotation for g is a mapping A : (s : [g]*) = (Rl — R).

14/26
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Concurrent games

@ Programs as strategies

[skip] : com [coin] : bool
run q q
v v v
done t F
Definition

A strategy o : A is a non empty set of plays that is:
o down-closed,

o (receptive) closed under (—)-extensions.

A strategy from A to Bis o : At ® B, written o : A—=>B.
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Concurrent games

@ Programs as strategies

[skip] : com [coin] : bool
run q q
v v v
done t F

Definition
A strategy o : A is a non empty set of plays that is:
o down-closed,

o (receptive) closed under (—)-extensions.

A strategy from A to Bis o : At ® B, written o : A—=>B.

Composition. 7 ® o : A—=C is defined for all 0 : A—=B,7: B—+C.



Annotated concurrent games

@ Programs as annotated strategies

[wait(t)] : com [P]: bool
run® q q
done*™t 3 et
Definition

A R-strategy o : A is a non empty set of R-annotated plays that is:
o down-closed,

o (receptive) closed under (—)-extensions.

A R-strategy from A to B is o : A+ ® B, written o : A—>B.

Composition. 7 ® o : A—>C is defined for all 0 : A—~+=B,7: B—+C.

15/26
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Composition example

[wait(1) || wait(3)] [T ® (Iwait(1)] @ [wait(3)])

com &® com com ® com — com
run®
) ) é//
rung rung runy runy
® $
v+1 w+3
doney done; done? done3

donem(y:2)

run
s %
done} ™! doney™

done max(x+1,x+3)
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Composition example

[wait(1) || wait(3)] [T ® (Iwait(1)] @ [wait(3)])

com &® com com ® com — com
run®
) . é//
rung run; runj runy
® 47
v+1 w+3
doney done; done? done3

donem(y:2)

run
runféf% o
v — X
¥ ¥ W x
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Composition example

[wait(1) || wait(3)] = [1]® ([wait(1)] ® [wait(3)])
com & com com ® com —f> com
run™
unt uny o é%
N v
done;™  done;™ done’ done3
donem(y:2)
run
runf% X =X
$ v — X
W x
done; ™! done; ™3 y = x+1
z

x4+ 3
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Composition example

[wait(1) || wait(3)] = [1]® ([wait(1)] ® [wait(3)])
com &® com com ® com —> com
run®
un uny s é%
N v
doney*  done;*? done? done3

run
runf% X = X
v — X
‘1L A Y
x+1 x+3
done] donej y = x+1
z

x4+ 3

done max(x+1,x+3)
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Composition example

[wait(1) || wait(3)] [T ® (Iwait(1)] @ [wait(3)])

com &® com com ® com — com
run®
) ) é//
rung rung runy runy
® 47
v+1 w+3
doney done; done? done3

run
runfé% X = X
v — X
‘1L W= X
x+1 x+3
donej donej y o ox+1
\ z — x+3
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Composition example

[wait(1) || wait(3)] [T ® (Iwait(1)] @ [wait(3)])

com & com com ® com —t= com
run*
, . Q//
rung rung runy runy
©
v+1 w+3
doney done; done? done}

donemax(v:2)

run*
X = X
vV = X
wo o= X
done**3 y — x+1
z — x+3



R-CG_
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Theorem

Arenas and strategies form a symetric monoidal closed category (smcc)
with products ;

In fact,

@ CG is a compact closed category

— CG_ is a smcc with products

— 2-CG is a compact closed category
— (X-CG)/=

[CSL18]

is a compact closed category
— R-CG := (Xr-CG)/= is a compact closed category
— R-CG_ is a smcc with products
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R-CG_

Theorem

Arenas and strategies form a symetric monoidal closed category (smcc)
with products ;

[TEM:A]:[I—=[A]

M,N = |x|Ax.t]| MN
| true | false | ifte b M N
| skip | M; N | M || N L
| wait(r) with r € R
| newref x in M | IM | M := true

ASENENEN
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Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit

= [eell] ® [M] r
EAN{/-\M\Néff S}L

[[cell]] : mem



18/26

Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit

= [eell] ® [M] r
EAN{/-\M\Néff S}L

[[cell]] : mem



18/26

Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit

= [eell] ® [M] r
EAN{/-\M\Néff S}L

[[cell]] : mem

<— —



18/26

Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit
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wit
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Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit

= [eell] ® [M] r
EAN{/-\M\Néff S{

[[cell]] : mem

b et

ff ok



Interpretation: Shared memory

[newref r in M]

[cell] ® [M]

[cell]

18/26

[mem] = [memg] @ [memw]

wit

r
té\_//mm\fvéff c‘)i

mem

wit
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Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit

= [eell] ® [M] r
EAN{/-\M\Néff S{

[[cell]] : mem

2
=

F:Fﬁ\—-x

o
x
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Interpretation: Shared memory
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Fi<— =
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r
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Interpretation: Shared memory

[newref r in M]

[cell] ® [M]

[cell]

™
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[mem] = [memg] @ [memw]

wit

r
té\_//mm\fvéff o‘i

mem

v

ok
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Interpretation: Shared memory

[newref r in M] [mem] = [meme] ® [memw]

wit

= [eell] ®[M] r
tmﬁ S{

[[cell]] : mem

=
&
=
&

Hd— —~
Ft—

o
x~
o
=



Interpretation: Shared memory

[newref r in M]
= [ecell] ®[M]

[cell]

L ™

el Okmax(x,y)

18/26

[mem] = [memg] @ [memw]

wit

r
té\_//mm\m}ff o‘i

mem

_‘
%
3
&
<

!

gmax(x,y) ok”



Soundness

newref rin

wait(2) || wait(1)
Ir r := true
wait(2)
[P] : mem —i= bool
/ q
r><+2 thx+1
e ok*

max 1
F xp +2

19/26

max 1
" Xy +2
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Soundness

newref rin

wait(2) || wait(1)
Ir r = true
wait(2)
IP] mem —i= bool
/ q
rx+2 Wu:x+1
i ok*

19/26

[cell] : mem
rx+2 wttx+1 rx+2 Wu:erl
7~ Okmax(x,y) 1tma><(><,y) ok”



Soundness

newref rin

wait(2) || wait(1)
Ir r := true
wait(2)
[P] : mem —i= bool
/ q
r><+2 thx+1
e ok*

max 1
F xp +2

[cell] : mem
rx+2 Wﬂ:x+1
N \4
x <x +2
ﬂ:x+2 ok x+1

X+2

4

/ q
tx+1

w

ok
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Soundness

newref rin

wait(2) || wait(1)
Ir r := true
wait(2)
[P] : mem —i= bool
/ q
r><+2 thx+1
e ok*

max 1
F xp +2

[cell] : mem
I,><+2 thx+1 r><+2 thx+1
A | ek,

/ q
X+2 tx+1

r w

11 ok™?
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Soundness

newref rin

wait(2) || wait(1)
Ir r 1= true
wait(2)
[P : mem —= bool
/ q*
r><+2 th+1
fiZ Ok%+2

[cell] : mem
rx+2 thx+1 rx+2 therl
ﬁ‘i2\0k‘é+2 tti»Q é/ok‘é+l
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Soundness

newref rin

wait(2) || wait(1)
Ir r := true
wait(2)
[P] : mem —i> bool
/ q*
r><+2 th+1
ﬁ;x+2 ka+2

[cell] : mem
r><+2 th><+1 r><+2 th+1
2 ok* T2 2 ok* L
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Soundness

newref rin
wait(2) || wait(1)
Ir r ;= true
wait(2)

[P : mem —= bool

X

l&///"/,,,r———":;;:::ZIZZZ::=:__ q
x+2 x+1

r wit

ﬂ:x+2 ok><+2

\\gﬁx+4

[cell] : mem

rx+2 x+1 x+2

wit r

¥ u Y i

ﬂ:x+2 ka+2 ttx+2

éy/”//”””’;;::::::::==— q
rx+2 x+1

wit

ttx+2 okx+1

\\étﬁ”
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Soundness

newref rin

wait(2) || wait(1)
Ir r := true
wait(2)
[P] : mem — bool
Ak/""",,,,,————j;;:::::::::====- q*
rx+2 Wux+1
ﬂ:x+2 ka+2
wﬂy+4
Theorem

IF Mt v then g — vt € [M]

19/26

cell] : mem

[
rx+2 thx+1 r><+2 th+1
b | e

X

/ q
rx+2 x+1

wit

v

ka+1

\\étﬁ”

tt><+2

with t' < t. J
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What resources?

Theorem

IFM " v then g — v € [M] withr <r. J
wait(r), reR ~ consume(r), r € R

Def. Resource bimonoid: (R,0,;,],<)

e (R,0,;,<) ordered monoid
e (R,0,]],<) commutative ordered monoid

@ || is idempotent, i.e. r||r=r

time + max



What resources?

Theorem

IFM " v then g — v € [M] with r' < r.

wait(r), reR ~ consume(r), r € R

Def. Resource bimonoid: (R,0,;,],<)
e (R,0,;,<) ordered monoid
e (R,0,]],<) commutative ordered monoid

@ || is idempotent, i.e. r||r=r

R : I
time R + max
parametric time R — R + max
permission P(P) U U

energy—————— R L max— 4

20/26
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Resource tracking concurrent games

© Adequacy
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Adequacy?

Q: What is the minimal amount of time necessary to get true?

newref r in
wait(2) || wait(1)
Ir r := true 0

wait(1) || wait(2)
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Adequacy?

Q: What is the minimal amount of time necessary to get true?

newref r in
wait(2) || wait(1)
Ir r := true 4

wait(1) || wait(2)

P M true



Adequacy?
newref r in [cell] : mem
wait(2) || wait(1) r wit”
Ir r:= true $ N ¥

wait(1) || wait(2) < okmax(xy)

P17 : mem - bool
ﬁ q"
2 thx+1
'IXI okXQ
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mem
re wit”
v &7
matay) ok
[P]: bool
qX

v

(x+2)+1
tmax <<X +1) + 2)



Adequacy?
newref r in [cell]

wait(2) || wait(1)

Ir r = true

wait(1) || wait(2)

P17 - mem — bool
/ v

r)<+2 th+l
1 ok*?

Is [ ] degenerated?

mem

[PI:

bool
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If ¢ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(2) wait(1)
Ir r := true 0

wait(1) || wait(2)

Theorem
If @ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(1) wait(0)
Ir r := true 1

wait(1) || wait(2)

Theorem
If @ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(1) || wait(0)
Ir r := true 1

wait(1) || wait(2)

Theorem
If ¢ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(1) || wait(0)
Ir r := true 1

.Wait(l) wait(2)

Theorem
If @ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(0) || wait(0)
Ir r := true 2

.Wait(l) wait(1)

Theorem
If @ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(0) || wait(0)
Ir r := true 2

wait(1) || wait(1)

Theorem
If ¢ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(0) || wait(0)
Ir r := true 2

wait(1) wait(1)

Theorem
If @ — vt € [M] then M |* v. J




24/26

Adequacy (Time)

An efficient small-step semantics:

(wait(t1 + t2), s, x) — (wait(t2), s, x + t1)

newref r in
wait(0) || wait(0)
Ir r := true 3

wait(0) wait(0)

Theorem
If @ — vt € [M] then M |* v. J




Proof sketch

A witness for g — done*** € [M]

mem Q cee ® mem —t> com
X+t X+1to X+t
mj m, . m;

e

done* ™t

can be read as

1. If t; = 0 then M can perform m; at no cost or other memory operations.

2. Else M can reduce in high parallelism to case 1.
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Proof sketch

A witness for ¢* — done*** € [M]

mem ® v ® mem —t> com
X+t1 —tmi X+t —tmi X+t —tmin
T

7

done

can be read as

1. If t; = 0 then M can perform m; at no cost or other memory operations.

2. Else M can reduce in high parallelism to case 1.

X+t—1tmin
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Conclusion

o Concurrent games with annotations:
— A sound model for R-IPA,
— Adequate for R-IPA.

o Future work:
- Replication;
- Reusable resources?

- Resources with effects?
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