
Example

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)



Weak Simulation

e1 - e2 iff (∀q, e′1. e1
q−→ e′1 =⇒ ∃e′2. e2

q
 e′2 ∧ e′1 - e′2)

∨
(∀v. e1 = v =⇒ e2

τ
 v)

q := τ | in n | out n

e
q
 e′ def

=

{
e τ∗−→ e′ if q = τ

e τ∗−→ q−→ τ∗−→ e′ otherwise



Weak Simulation

- = fsim(-)

fsim(-) = { (e1, e2) |
(∀q, e′1. e1

q−→ e′1 =⇒ ∃e′2. e2
q
 e′2 ∧ e′1 - e′2)

∨
(∀v. e1 = v =⇒ e2

τ
 v) }

q := τ | in n | out n

e
q
 e′ def

=

{
e τ∗−→ e′ if q = τ

e τ∗−→ q−→ τ∗−→ e′ otherwise



Weak Simulation

w def
= νfsim

fsim(-) = { (e1, e2) |
(∀q, e′1. e1

q−→ e′1 =⇒ ∃e′2. e2
q
 e′2 ∧ e′1 - e′2)

∨
(∀v. e1 = v =⇒ e2

τ
 v) }

q := τ | in n | out n

e
q
 e′ def

=

{
e τ∗−→ e′ if q = τ

e τ∗−→ q−→ τ∗−→ e′ otherwise



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

{ (rsp1 2n, rsp2 n) | n ∈ N } ⊆ νfsim



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))

{ (rsp1 2n, rsp2 n) | n ∈ N } ⊆ Gsim(∅)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R0 ⊆ Gsim(∅)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R0 ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (rsp1 2n, rsp2 n) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

rsp1 n := let v = (output n; input()) ∗ 2 in
(if v 6= 0 then rsp1 else restart rsp1) (v + n)

rsp2 n := output (2 ∗ n);
let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (rsp1 2n, rsp2 n) } ⊆ fsim(R0 ∪ Gsim(R0))



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := let v = (output 2n; input()) ∗ 2 in

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e1
2 := output (2 ∗ n);

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (rsp1 2n, rsp2 n) } ⊆ fsim(R0 ∪ Gsim(R0))



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := let v = (output 2n; input()) ∗ 2 in

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e1
2 := output (2 ∗ n);

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e1
1, e

1
2) } ⊆ R0 ∪ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := let v = (output 2n; input()) ∗ 2 in

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e1
2 := output (2 ∗ n);

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e1
1, e

1
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := let v = (〈〉; input()) ∗ 2 in out 2n

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e1
2 := output (2 ∗ n);

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e1
1, e

1
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := let v = (〈〉; input()) ∗ 2 in out 2n

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e2
2 := 〈〉; out 2n

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e1
1, e

1
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := let v = (〈〉; input()) ∗ 2 in out 2n

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e2
2 := 〈〉; out 2n

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e2
1, e

2
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e3
1 := let v = m ∗ 2 in in m

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e2
2 := 〈〉; out 2n

let v = input() in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e2
1, e

2
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e3
1 := let v = m ∗ 2 in in m

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e3
2 := in m

let v = m in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e2
1, e

2
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e3
1 := let v = m ∗ 2 in in m

(if v 6= 0 then rsp1 else restart rsp1) (v + 2n)

e3
2 := in m

let v = m in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e3
1, e

3
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e4
1 :=

(if 2m 6= 0 then rsp1 else restart rsp1) (2m + 2n)

e3
2 := in m

let v = m in
if v = 0 then restart rsp2 (2 ∗ n) else rsp2 (v + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e3
1, e

3
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e4
1 :=

(if 2m 6= 0 then rsp1 else restart rsp1) (2m + 2n)

e4
2 :=

if m = 0 then restart rsp2 (2 ∗ n) else rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e3
1, e

3
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e4
1 :=

(if 2m 6= 0 then rsp1 else restart rsp1) (2m + 2n)

e4
2 :=

if m = 0 then restart rsp2 (2 ∗ n) else rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e4
1, e

4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e4
1 :=

(if 2m 6= 0 then rsp1 else restart rsp1) (2m + 2n)

e4
2 :=

if m = 0 then restart rsp2 (2 ∗ n) else rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m 6= 0:
{ (e4

1, e
4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

rsp1 (2m + 2n)

e4
2 :=

if m = 0 then restart rsp2 (2 ∗ n) else rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m 6= 0:
{ (e4

1, e
4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

rsp1 (2m + 2n)

e5
2 :=

rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m 6= 0:
{ (e4

1, e
4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

rsp1 (2m + 2n)

e5
2 :=

rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m 6= 0:
{ (e4

1, e
4
2) } ⊆ fsim(R0 ∪ Gsim(R0))



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

rsp1 (2m + 2n)

e5
2 :=

rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m 6= 0:
{ (e5

1, e
5
2) } ⊆ R0 ∪ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

rsp1 (2m + 2n)

e5
2 :=

rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m 6= 0:
{ (e5

1, e
5
2) } ⊆ R0 ∪ Gsim(R0) X



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e4
1 :=

(if 2m 6= 0 then rsp1 else restart rsp1) (2m + 2n)

e4
2 :=

if m = 0 then restart rsp2 (2 ∗ n) else rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m = 0:
{ (e4

1, e
4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

restart rsp1 2n

e4
2 :=

if m = 0 then restart rsp2 (2 ∗ n) else rsp2 (m + n)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m = 0:
{ (e4

1, e
4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

restart rsp1 2n

e5
2 :=

restart rsp2 2n

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

When m = 0:
{ (e4

1, e
4
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

restart rsp1 2n

e5
2 :=

restart rsp2 2n

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

{ (e5
1, e

5
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

restart rsp1 2n

e5
2 :=

restart rsp2 2n

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

{ (e5
1, e

5
2) } ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e5
1 :=

restart rsp1 2n

e5
2 :=

restart rsp2 2n

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

R1 ⊆ Gsim(R0)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

R1 ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

{ (restart rsp1 n, restart rsp2 n) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := if n > 0 then (output n; restart rsp1 (n− 1)) else rsp1 0

e1
2 := if n > 0 then (output n; restart rsp2 (n− 1)) else rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

{ (restart rsp1 n, restart rsp2 n) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := if n > 0 then (output n; restart rsp1 (n− 1)) else rsp1 0

e1
2 := if n > 0 then (output n; restart rsp2 (n− 1)) else rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

{ (e1
1, e

1
2) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := if n > 0 then (output n; restart rsp1 (n− 1)) else rsp1 0

e1
2 := if n > 0 then (output n; restart rsp2 (n− 1)) else rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n ≤ 0:
{ (e1

1, e
1
2) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := rsp1 0

e2
2 := rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n ≤ 0:
{ (e1

1, e
1
2) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := rsp1 0

e2
2 := rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n ≤ 0:
{ (e1

1, e
1
2) } ⊆ fsim(R0 ∪ R1 ∪ Gsim(R0 ∪ R1))



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := rsp1 0

e2
2 := rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n ≤ 0:
{ (e2

1, e
2
2) } ⊆ R0 ∪ R1 ∪ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := rsp1 0

e2
2 := rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n ≤ 0:
{ (e2

1, e
2
2) } ⊆ R0 ∪ R1 ∪ Gsim(R0 ∪ R1) X



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e1
1 := if n > 0 then (output n; restart rsp1 (n− 1)) else rsp1 0

e1
2 := if n > 0 then (output n; restart rsp2 (n− 1)) else rsp2 0

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n > 0:
{ (e1

1, e
1
2) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := output n; restart rsp1 (n− 1)

e2
2 := output n; restart rsp2 (n− 1)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n > 0:
{ (e1

1, e
1
2) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e2
1 := output n; restart rsp1 (n− 1)

e2
2 := output n; restart rsp2 (n− 1)

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n > 0:
{ (e2

1, e
2
2) } ⊆ Gsim(R0 ∪ R1)



Proof using Parameterized Coinduction

restart h n := if n > 0 then (output n; restart h (n− 1)) else h 0

e3
1 := restart rsp1 n− 1 out n

e3
2 := restart rsp2 n− 1 out n

Gsim(A) = ν(λX. fsim(A ∪ X))
R0 = { (rsp1 2n, rsp2 n) | n ∈ N }

R1 = { (restart rsp1 n, restart rsp2 n) | n ∈ N }

When n > 0:
{ (e2
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