restart h n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v + n)

rsp, n := output (2 * n);
let v = input() in
if v =0 then restart rsp, (2 x n) else rsp, (v+ n)



Weak Simulation

ey Zey it (Vg,e.ep B ey = Te). ey ~s ey Ael 2 eb)
V
(Y. e =v = ey~ V)

g = T|inn|outn

,  def e e ifg=r1
™ q T* / .
e ——— ¢ otherwise



Weak Simulation

X = fim(Z)

fsim(f—j) {(61762) |
(Vq, €. 61—)61:>E|€2 2«7~>e’2/\e’1‘<62)
V

(

W. e1=v = e; 1)}

g = T|inn|outn

q , def e e ifq:T
e ~ e = * *
T q T / .
e ——— ¢ otherwise



Weak Simulation

def
é = Ufsim

fim(Z) = {(e1,e2) |
(Vg,¢|. e1 5 &, = 3e). ey ~> ey el 2 eb)
V
W. e1=v = e; 1)}

g = T|inn|outn

T* , .
def e—e ifg=r1
e~~e = g o, .
e ——— ¢ otherwise



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v+n)
rsp, n := output (2 * n);
let v =input() in
if v = 0 then restart rsp, (2« n) else rsp, (v + n)

{(rSpl 2n, rsp, Q) | ne N} C  Vfsim



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v+n)
rsp, n := output (2 * n);
let v =input() in
if v = 0 then restart rsp, (2« n) else rsp, (v + n)

Gsim(A) = V()\X.fsim(A UX))

{ (rspy 2n,1sp, 1) [n €N} C Gim(0)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v+n)
rsp, n := output (2 * n);
let v =input() in
if v = 0 then restart rsp, (2« n) else rsp, (v + n)

Gsim(A) = V()\X.fsim(A UX))
Ro ~ {(1sp, 2m.15py n) | n € N

RO g Gsim (@)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v+n)
rsp, n := output (2 * n);
let v =input() in
if v = 0 then restart rsp, (2« n) else rsp, (v + n)

Gsim(A) = V()\X.fsim(A UX))
Ro ~ {(1sp, 2m.15py n) | n € N

RO g Gsim(RO)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v+n)
rsp, n := output (2 * n);
let v =input() in
if v = 0 then restart rsp, (2« n) else rsp, (v + n)

Gsim(A) = V()\X.fsim(A UX))
Ro ~ {(1sp, 2m.15py n) | n € N

{ (rsm 2n, rsp, Q) } C Gsim(Ro)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

rsp, n := let v = (output n; input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v+n)
rsp, n := output (2 * n);
let v =input() in
if v = 0 then restart rsp, (2« n) else rsp, (v + n)

Gsim(A) = V()\X.fsim(A UX))
Ro ~ {(1sp, 2m.15py n) | n € N

{ (rsp1 2n, rspy Q) } C fsim (Ro U Gsim(RO))



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

el ;= letv = (output 2n; input()) x 2 in
(if v # 0 then rsp, else restart rsp,) (v + 2n)

e} := output (2 x n);

let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = V()\X.fsim(A UX))
Ro ~ {(1sp, 2m.15py n) | n € N

{ (rsp1 2n, rspy Q) } C fsim (Ro U Gsim(RO))



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

el ;= letv = (output 2n; input()) x 2 in
(if v # 0 then rsp, else restart rsp,) (v + 2n)
e} := output (2 x n);
let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(el,e))} € RyUGsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

el ;= letv = (output 2n; input()) x 2 in
(if v # 0 then rsp, else restart rsp,) (v + 2n)

e} := output (2 x n);

let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(el.e))} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0
¢ :=letv = (();input()) = 2 in
(if v # 0 then rsp, else restart rsp,) (v + 2n)

e} := output (2 x n);
let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(el.e))} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

2 :=letv = (();input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v + 2n)
&= ()

let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(el.e))} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

2 :=letv = (();input()) * 2 in
(if v # 0 then rsp, else restart rsp,) (v + 2n)
&= ()

let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(3.¢3)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

e?::letv:m*gin
(if v # 0 then rsp, else restart rsp,) (v + 2n)

&= ()
let v =input() in
if v = 0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(3.¢3)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

e?::letv:m*gin inm
(if v # 0 then rsp, else restart rsp,) (v + 2n)

82 = nm
letv=min
if v =0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(3.¢3)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

e?::letv:m*gin inm
(if v # 0 then rsp, else restart rsp,) (v + 2n)

82 = nm
letv=min
if v =0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(e1,63)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

4
e =
(if 2m # 0 then rsp, else restart rsp,) (2m + 2n)
letv=min
if v =0 then restart rsp, (2 x n) else rsp, (v + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(e1,63)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

4
el =
(if 2m # 0 then rsp, else restart rsp,) (2m + 2n)

4 .
e =

if m = 0 then restart rsp, (2 * n) else rsp, (m + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(e1,63)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

4
el =
(if 2m # 0 then rsp, else restart rsp,) (2m + 2n)

4 .
e =

if m = 0 then restart rsp, (2 * n) else rsp, (m + n)

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(el.e))} C Gsim(Ry)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

4
el =
(if 2m # 0 then rsp, else restart rsp,) (2m + 2n)
o i
if m = 0 then restart rsp, (2 % n) else rsp, (m + n)
Gsim(A) = v(A\X. fem(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
When m # 0:

{(e‘l‘,eé)} C  Gsim(Ro)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0
& =
rsp, (2m + 2n)

i
if m = 0 then restart rsp, (2 % n) else rsp, (m + n)
Gsim(A) = v(A\X. fem(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
When m # 0:

{(e‘l‘,eé)} C  Gsim(Ro)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0
& =
rsp, (2m + 2n)
5

62 =
rsp, (m+n)
Gsim(A) = V(/\X- fsim(A UX))
Ro = {(rsp, 2n,rsp, n) |[n € N}
When m # 0:

{(e‘l‘,eé)} C  Gsim(Ro)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0
& =
rsp, (2m + 2n)
5

62 =
rsp, (m+n)
Gsim(A) = V(/\X- fsim(A UX))
Ro = {(rsp, 2n,rsp, n) |[n € N}
When m # 0:

{ (e‘l‘, 63) b} € fsm(Ro U Gsim(Ro))



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

rsp, (2m + 2n)

62 =
rsp, (m+n)
Gsim(A) = V(/\X- fsim(A UX))
Ro = {(rsp, 2n,rsp, n) |[n € N}
When m # 0:

{(e7.63)} C RyUGsim(Ry)



Proof using Parameterized Coinduction

restart i n := if n > 0 then (output n;restart 1 (n — 1)) else h 0
& =
rsp, (2m + 2n)
5

e =
rsp, (m+n)
Gsim(A) = v(AX. fsim(A U X))
Ry = { (rsp, 2n,rsp, n) [n € N}
When m # 0:

{(&,&)} C RyUGsm(Ry) v



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

4
el =
(if 2m # 0 then rsp, else restart rsp,) (2m + 2n)
o i
if m = 0 then restart rsp, (2 % n) else rsp, (m + n)
Gsim(A) = v(A\X. fem(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
When m = 0:

{(e‘l‘,eé)} C  Gsim(Ro)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0
& =
restart rsp, 2n

i
if m = 0 then restart rsp, (2 % n) else rsp, (m + n)
Gsim(A) = v(A\X. fem(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
When m = 0:

{(e‘l‘,eé)} C  Gsim(Ro)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

restart rsp, 2n

62 =
restart rsp, 2n
Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
When m = 0:

{(e‘l‘,eé)} C  Gsim(Ro)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

61 =
restart rsp, 2n
& =

restart rsp, 2n

Gsim(A) = v(AX. fam(A U X))
Ro = { (rsp, 2n,rsp, n) | n € N}

{(e7.63)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

61 =
restart rsp, 2n
e =

restart rsp, 2n

Gsim(A) = v(AX. fsm(A UX))
Ro={(rsp, 2n.rsp, n) | n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}

{(e7.63)} C Gsim(Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0
¢ =
restart rsp, 2n

e =

restart rsp, 2n

Gsim(A) = V()\X.fsim(A UX))
Ro={(rsp, 2n.rsp, n) | n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}

Rl g Gsim(RO)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

Gsim(A) = V()\X.fsim(A UX))
Ro={(rsp, 2n.rsp, n) | n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}

R C Gsm(RyURy)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

Gsim(A) = V()\X.fsim(A UX))
Ro={(rsp, 2n.rsp, n) | n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}

{ (restartrsp; n,restartrsp, 1) } € Ggim(Ro U Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restart h (n — 1)) else h 0

el :==if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

e} :=if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

Gsim(A) = V()\X.fsim(A UX))
Ro={(rsp, 2n.rsp, n) | n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}

{ (restartrsp; n,restartrsp, 1) } € Ggim(Ro U Ry)



Proof using Parameterized Coinduction

restart h n:=if n > 0 then (output n;restarth (n — 1)) else h 0

el :==if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

el :=if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

Gsim(A) = v(AX. fsm(A UX))
Ro={(rsp, 2n.rsp, n) | n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}

{ (e}ae%) } € Gsim(RyURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

el :=if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

e} :=if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n < 0:
{ (e%, eé) } C  Gsim(RoURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :==rsp, 0

e3:=1sp, 0

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n < 0:
{ (e%, eé) } C  Gsim(RoURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :==rsp, 0

e3:=1sp, 0

Gsim(A) = v(AX. fsim(A U X))
Ro = {(rsp, 2n,rsp, n) [n € N'}
R, = { (restart rsp, n,restartrsp, n) | n € N}
Whenn < 0:
{(el,e3)} C fom(RoURy UGsim(RoURy))



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :==rsp, 0

e3:=1sp, 0

Gaim(A) = V(AX. faim(A U X))
Ro = {(rsp, 2n,rsp, n) [n € N}
R, = { (restart rsp, n,restartrsp, n) |[n € N}
When n < 0:
{(€,e3)} C RyUR, UGsm(RyUR))



Proof using Parameterized Coinduction

restart i n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :==rsp, 0

€3 :=1rsp, 0

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n < 0:
{ (6%7 e%) } g RO U Rl ) Gsim(RO U Rl) \/



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

el :=if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

e} :=if n > 0 then (output n; restart rsp, (n — 1)) else rsp, 0

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{ (e%, eé) } C  Gsim(RoURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} := output n; restart rsp, (n — 1)

e3 1= output n; restart rsp, (n — 1)

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{ (e%, eé) } C  Gsim(RoURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} := output n; restart rsp, (n — 1)

e3 1= output n; restart rsp, (n — 1)

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{ (e%, 6%) } C  Gsim(RoURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :=restartrsp, n— 1
e} :=restartrsp, n — 1

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{ (e%, 6%) } C  Gsim(RoURy)



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :=restartrsp, n— 1
e} :=restartrsp, n — 1

Gsim(A) = v(AX. fsim(A U X))
Ro = {(rsp, 2n,rsp, n) [n € N'}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{(e}.€3)} C fom(RoUR; UGsim(RoURy))



Proof using Parameterized Coinduction

restart 4 n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} :=restartrsp, n— 1
e} :=restartrsp, n — 1

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{(el,e3)} < RyUR,UGsm(RoURy)



Proof using Parameterized Coinduction

restart i n := if n > 0 then (output n;restart 1 (n — 1)) else h 0

e} = restart rsp, n — 1
e} :=restartrsp, n — 1

Gsim(A) = v(AX. fsm(A U X))
Ry = {(rsp, 2n,rsp, n) |n € N}
R, = { (restart rsp, n,restartrsp, n) | n € N}
When n > 0:
{ (6?7 e%) } g RO U Rl ) Gsim(RO URl) \/



