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Probabilistic Coherence Spaces A = (|A| ,P (A))

|A| a set (possibly infinite), called web

P (A) a set of vectors ⊆ (R+)|A| such that
closure: P (A)⊥⊥ = P (A)

for all v , u ∈ (R+)|A|, let 〈u, v〉=
∑

a∈|A| uava

for all P ⊆ (R+)|A|, let P⊥ = {v ∈ (R+)|A| ; ∀u ∈ P, 〈v , u〉≤ 1}

complete: ∀a ∈ |A| ,∃v ∈ P (A) , va 6= 0

bound: ∀a ∈ |A| ,∃p ∈ R+, ∀v ∈ P (A) , va ≤ p

Example

|Bool| = {t,f} |Nat| = {0, 1, 2, 3, . . . }

P (Bool) = {(p, q) ; p + q ≤ 1} P (Nat) = {v ∈ [0, 1]N ;
∑

n vn ≤ 1}

= {(1, 0), (0, 1)}⊥⊥ = {δ(n) ; n ∈ N}⊥⊥

|Bool⇒ Bool| =Mf ({t,f})× {t,f}

P (Bool⇒ Bool) =

{
M ∈ R+|Bool⇒Bool|

; ∀x ∈ P (Bool) ,∑
m∈Mf({t,f})(Mm,t + Mm,f)xm(t)

t xm(f )
f ≤ 1

}
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Modeling Programs on Probabilistic Data

(p, q) (p′, q′)

(Px)t = ?

+ P[•],tx

+ P[•,•],tx

+ P[•,•,•],tx

...

=
∑

m∈Mf({t,f})

Pm,txm(t)
t xm(f)

f ⇐ power series in the unknowns xt and xf.
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Probabilistic Coherence Spaces Cartesian Closed Category

objects: probabilistic coherence spaces

A = (|A| , P (A))

morphisms: matrices M ∈ R+Mf(|A|)×|B| such that ∀x ∈ P (A), (Mx) ∈ P (B),

(Mx)b =
∑

m∈Mf(|A|)

Mm,b

∏
a∈Supp(m)

xm(a)
a

Example

Id =

{
[a], a 7→ 1
otherwise 7→ 0

Eval =

{
([(m, b)],m), b 7→ 1
otherwise 7→ 0

Random =



[n], 0 7→ 1
n

[n], 1 7→ 1
n

...
[n], n − 1 7→ 1

n

otherwise 7→ 0
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Probabilistic PCF

Types: Bool | Nat | A⇒ B

Terms: | λxA.P | (P) Q | fix(P) | 0 | p(P) | s(P) | zero?(P) | t | f | if(N,P,Q) |
Coin

Reduction: P p−→ Q P reduces to Q in one step with probability p

P

·

·

·

·

·

·

t

·

·

t

. . .

. . .

t

f

1
2

1
2

1

1
2

1
2

1

1

1
2

1
2

1
2

1
2

1

1
2

1
2

Coin
1
2−→ t Coin

1
2−→ f

Prob(P p1→ . . .
pk→ Q) =

k∏
i=1

pi

Prob(P,Q) =
∑

P ∗→Q

Prob(P ∗→ Q)

Theorem (Danos, Ehrhard 2011)
For every closed term P of type Bool:

JPKt = Prob(P,t) and JPKf = Prob(P,f)

and the same for Nat.
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Observational Equivalence

Definition
For Γ ` P : A and Γ ` Q : A, define:

P ∼ Q iff ∀C context, Prob(C[P],t) = Prob(C[Q],t)

Theorem (Ehrhard-Pagani-Tasson 2013)
For Γ ` P : A and Γ ` Q : A,

JPK = JQK iff P ∼ Q

Proof.
=⇒: immediate consequence of the adequacy theorem

⇐=: our work !
suppose JPK 6= JQK,
find a context C, such that

Prob(C[P],t) 6= Prob(C[Q],t)
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Some Examples on Bool ⇒ Bool

λx .Ω 6∼

λx .ifx

ifx

Ω f

ifx

t Ω

∼

λx .ifx

ifx

Ω t

ifx

f Ω

0 6=


[t,f],f 7→ 1
[t,f],t 7→ 1
otherwise 7→ 0

=


[t,f],t 7→ 1
[t,f],f 7→ 1
otherwise 7→ 0

One powerful context in Bool: pt⊕ qf

Prob(C[Ω],t) = 0 Prob(C[P],t) = qp Prob(C[Q],t) = pq

4 random booleans bring semantic power series to the syntax

4 find non-null solutions of polynomials
⇒ actually of power series (because of fix-point)
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4 find non-null solutions of polynomials
⇒ actually of power series (because of fix-point)
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Some Examples on Bool ⇒ Bool

6∼
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On Generic Types B ⇒ C

in general, power series are much more complex:∑
m∈Mf(|B|)

JPKm,c

∏
b∈Supp(m)

xm(b)
b

8 (m, c) ∈ |B ⇒ C| might not correspond to a term in the syntax.
8 the number of unknowns x(m,c) might be infinite.

Our solution

∀a ∈ |A|, define F a : A⇒ Boolk ⇒ Bool, such that:

JPKa 6= JQKa =⇒ JFPK 6= JFQK

If JPK 6= JQK, then ∃a ∈ |A|, JPKa 6= JQKa,
there are (p1, q1), . . . , (pk , qk ) such that

q
F aP

y
(~p, ~q) 6=

q
F aQ

y
(~p, ~q)

let C[ ] = F a[ ](p1t⊕ q1f) . . . (pkt⊕ qkf)

by adequacy:

Prob(C[P],t) =
q
F aP

y
(~p, ~q) 6=

q
F aQ

y
(~p, ~q) = Prob(C[Q],t)
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A glance at the definition of F a

Given a ∈ |A|, we define by mutual induction two terms:

Boolka
` F a : A⇒ Bool

Boolka
` Na : A

Definition

if A = Bool,Nat, F b = λx ι.if(x = b,t,Ω)

Nb = b

if A = C ⇒ D, F ([c1,...,ch ],d) = λxC⇒D.
(

F d
)(

(x)
h⊕

i=1

(zi · Nci )

)
N([c1,...,ch ],d) = λxC .if(∧h

i=1
(
F ci
)

x ,Nd ,Ω)
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A glance at the weighted intersection type system

xA : [a] `1 x : a `1 n : n
b ∈ {t,f}
` 1

2
Coin : b

Γ•, xA : m `α M : a

Γ• `α λxA.M : (m, a)

Γ•′ `α M : (m, b) ∀(a, i) ∈ m, Γ•
(a,i) `β(a,i)

N : a(a,i)

Γ•′ ]
⊎

(a,i)∈m Γ•
(a,i) `α

∏
(a,i)∈m β(a,i)

(M) N : b

Γ•′ `α M : (m, b) ∀(a, i) ∈ m, Γ•
(a,i) `β(a,i)

fix(M) : a(a,i)

Γ•′ ]
⊎

(a,i)∈m Γ•
(a,i) `α

∏
(a,i)∈m β(a,i)

fix(M) : b

Γ• `α M : n + 1
pred

Γ• `α p(M) : n
Γ• `α M : n

Γ• `α s(M) : n + 1
Γ• `α M : a

Γ• `αX X ·M : a

Γ• `β M : 0 ∆• `α N : a

Γ• ]∆• `βα if(M,N,P) : a

Γ• `β M : n + 1 ∆• `α P : a

Γ• ]∆• `βα if(M,N,P) : a
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