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Probabilistic Coherence Spaces

@ introduced as a model of Multiplicative Additive Linear Logic

4 J.-Y. Girard.
Between logic and quantic: a tract.
Linear Logic in Computer Science, CUP, 2004.

@ extended to full Linear Logic and A-calculus

@ V. Danos and T. Ehrhard.

Probabilistic coherence spaces as a model of higher-order probabilistic
computation.

Information & Computation, Elsevier, 2011.
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Our result
equality of interpretations o operational indistinguishability
in PCoh in PCF + Random
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Probabilistic Coherence Spaces

|A| a set (possibly infinite), called web

P(A) asetof vectors C (R*)! such that
closure:

complete:

bound:
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Probabilistic Coherence Spaces A

(lA[,P(A))
|A| a set (possibly infinite), called web
P(A) asetof vectors C (R*)! such that
closure: P(A)* =P (A)
o forallv,ue (R), let (u,v)=3,. 4 UaVa
e forall P C (RH)A!, let PL={ve®"; YueP (v,u)y< 1}
complete:

bound:
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Probabilistic Coherence Spaces A= (|A|,P(A))

|A| a set (possibly infinite), called web

P(A) a set of vectors C (R*)I such that
closure: P(A)* =P (A)
o forallv,ue (R), let (u,v)=3,. 4 UaVa
e forall P C (RH)A!, let PL={ve®"; YueP (v,u)y< 1}
complete: Vae |A|,3veP(A),va#0
bound: Vae |A|,3p e R, YW € P(A),va<p

Example
|Bool| = {t, £} INat| = {0,1,2,3,...}
P(Bool) = {(p,q) ; p+q <1} P(Nat) = {v e [0,1]"; 3, va < 1}
={(1,0),(0, 1)}~ ={é(n); ne N}~
|Bool = Bool| = M; ({t, £}) x {t, £}

M e R*P=E - vy € P (Bool) , }

P (Bool = Bool) =
( ) { Zmer({t,f})(vat + Mm,f)Xtm(t)Xén(f) <A1

V.
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Modeling Programs on Probabilistic Data

(p,q) (P, q)

(Px). = ?
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Modeling Programs on Probabilistic Data

(P, q) P, q)

(Px)e =Py
+ Plej,e X
+ Ple,o),e X
+ Plejo,e],c X
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Modeling Programs on Probabilistic Data

(p,q) ¥.q)
(PX)t ZP[]ﬂt
+ Ppej,eXe + PpeoXx:
+ 'D[o,o],tx
+ P[.,o,-],tx
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Modeling Programs on Probabilistic Data

(PX)t ZP[]ﬂt
+ Pl Xe + Plee X
! 1" ! " ! 1" ! 7
+ Py XeXe 4+ P gy e Xe Xe + Preoy, e XeXe + Ple ), Xe Xe
+ Ple,o,a],tX
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Modeling Programs on Probabilistic Data

(Px)e =P
+ Py Xe + P e Xe
+ Py X2+ (P oy + Pieoye )XeXe + Pe,oy o X2
+ P[c,o,.],tx
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Modeling Programs on Probabilistic Data

(Px)e =P
+ Py Xe + P e Xe
+ P g, o X 4 P g X Xe + Pre,g o X2
+ P[c,o,.],tx
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Modeling Programs on Probabilistic Data

(PX)t :P[],t
+ Prepe Xe + Pl Xe
+ P[t,t],tXtZ + P[t,f],txtxf + P[f,f],txg

+ P[t,t,t],txg + P[t,c,f],tXtZXf + P[t,f,f],tXtXE + P[f,f,f],tX?

- Z P x5 x ) < power series in the unknowns x. and x:.
meMi({t,£})
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Probabilistic Coherence Spaces Cartesian Closed Category

objects: probabilistic coherence spaces

o A= (]A],P(A))

morphisms: matrices M € R+(ADXIBl gyeh that vx € P (A), (Mx) € P (B),

o (MX)b = Z Mm,b H X(;n(a)

meM;(|Al) acSupp(m)

Example
Id— [a],a . — 1
otherwise — 0

Random =

Eval - { ((M.D].m).b 1
otherwise — 0

[n],0 —
[n], 1 —

Sl=31=

[n,n—1 ~
otherwise +— 0

3=
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Probabilistic PCF

Types: Bool | Nat | A= B

Terms: | AP | (P) Q| fix(P) | 0| P(P) | s(P) | zero?(P) | t | £ | if(N, P, Q) |

Coin
Reduction: P& Q

1

o=

;
4 1
1o —t

1

2~< 1.
1.<
2

1
2
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P reduces to Q in one step with probability p

Coin <3 t Coin = f

Prob(P Hp,
Prob(P, Q) = Z Prob(P = Q
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Probabilistic PCF

Types: Bool | Nat | A= B
Terms: | AP | (P) Q| fix(P) | 0| P(P) | s(P) | zero?(P) | t | £ | if(N, P, Q) |

Coin
Reduction: P % Q P reduces to Q in one step with probability p
P B N : 1 1
2 \ t Coin = t Coin = £

1 2
1 st
2 < 1 1 Prob(P le
L I
ER Iat Prob(P, Q) = Prob(P = Q
2<.4 (.01 3 Pon

1 f PAQ

2

Theorem (Danos, Ehrhard 2011)
For every closed term P of type Bool:

[P]. = Prob(P,t) and [P]. = Prob(P, £)

and the same for Nat.
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Observational Equivalence

Definition
ForT=P:AandT F Q: A, define:

P~ Q iff VC context, Prob(C[P],t) = Prob(C[Q], t)
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Observational Equivalence

Definition
ForT=P:AandT F Q: A, define:

P~ Q iff VC context, Prob(C[P],t) = Prob(C[Q], t)

Theorem (Ehrhard-Pagani-Tasson 2013)
ForT-P:AandTF Q: A,

[Pl=[Q] iff P~Q
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Observational Equivalence

Definition
ForT=P:AandT F Q: A, define:

P~ Q iff VC context, Prob(C[P],t) = Prob(C[Q], t)

Theorem (Ehrhard-Pagani-Tasson 2013)
ForT=P:AandT - Q: A,

[Pl=[Q] iff P~Q

Proof.

—: immediate consequence of the adequacy theorem

O

v
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Observational Equivalence

Definition
ForT=P:AandT F Q: A, define:

P~ Q iff VC context, Prob(C[P],t) = Prob(C[Q], t)

Theorem (Ehrhard-Pagani-Tasson 2013)
ForTHFP:AandT - Q: A,

[Pl=[Q] iff P~Q

Proof.
—: immediate consequence of the adequacy theorem
+—: our work !
@ suppose [P] # [Q],
@ find a context C, such that
Prob(C[P],t) # Prob(C[Q], t)
D)
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Some Examples on Bool = Bool

AX.ifx AX.ifx

/N /N

Ax.Q ifx ifx ifx ifx

Q/ \f t/ \Q Q/ \t f/ \Q
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Some Examples on Bool = Bool

AX.ifx

/N

Ax.Q o ifx ifx

Q/ \f t/ \Q

[t, £], £—1
0 # [t,f],t —1
otherwise — 0
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VANNAY

[t, ], —1
[t,f], £ —1
otherwise — 0
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Some Examples on Bool = Bool

AX.ifx

/N

Ax.Q b ifx ifx

Q/ \f t/ \Q

[t, £], £—1
0 # [t,f],t —1
otherwise — 0

One powerful context in Bool: _ pt & qf
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Some Examples on Bool = Bool

AX.ifx AX.ifx

/N /N

Ax.Q b ifx ifx ~ iftx ifx

Q/ \f t/ \Q Q/ \t f/ \Q

[t, £], £—1 [t, ], —1
0 # [t, £, £ —1 = [t,f], £ —1
otherwise — 0 otherwise — 0

One powerful context in Bool: _ pt ® qf

Prob(C[Q],t) =0 Prob(C[P],t) = gp Prob(C[Q],t) = pq
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Some Examples on Bool = Bool

AX.ifx AX.ifx

/N /N

ifx ifx ol ifx ifx

VAN AN ANAY

[t, £], £ =1 [t,t,fl,t— 2
[t, £, £ — 1 # [t, £, £f],£—2
otherwise — 0 otherwise — 0
One powerful context in Bool: _ pt & qf
Prob(C[P],t) = gp Prob(C[Q], t) = 2p°q

v’ random booleans bring semantic power series to the syntax

v find non-null solutions of polynomials
= actually of power series (because of fix-point)

Ehrhard, Pagani, Tasson (Paris 13, Paris 7) FA of PCoH Chocola, Lyon 2013 8/11




On Generic Types B= C

in general, power series are much more complex:

S [Plpe [T %@

meM;(|B) beSupp(m)

X (m,c) € |B = C| might not correspond to a term in the syntax.

X the number of unknowns X, ) might be infinite.
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S [Plpe [T %@

meM;(|B) beSupp(m)

X (m,c) € |B = C| might not correspond to a term in the syntax.
X the number of unknowns X, ) might be infinite.

Our solution

Va e | A|, define F2: A= Boolk = Bool, such that:

[Pl.#[Ql. = [FPI#[FQ]
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On Generic Types B= C

in general, power series are much more complex:

S [Plpe [T %@

meM;(|B) beSupp(m)

X (m,c) € |B = C| might not correspond to a term in the syntax.
X the number of unknowns X, ) might be infinite.

Our solution

Va e | A|, define F2: A= Boolk = Bool, such that:

[Pl.#[Ql. = [FPI#[FQ]

o If [P] # [Q], then 3a € |A|, [P], # [Ql.,
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On Generic Types B= C

in general, power series are much more complex:

S [Plpe [T %@

meM;(|B) beSupp(m)

X (m,c) € |B = C| might not correspond to a term in the syntax.
X the number of unknowns X, ) might be infinite.

Our solution

Va e | A|, define F2: A= Boolk = Bool, such that:

[Pl.#[Ql. = [FPI#[FQ]

o If [P] # [Q], then 3a € |A], [P], # [Q],,
@ there are (p1, 1), - -, (P«, gk) such that

[F?P] (B, q) # [F*Q] (B, q)
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On Generic Types B= C

in general, power series are much more complex:

S [Plpe [T %@

meM;(|B) beSupp(m)

X (m,c) € |B = C| might not correspond to a term in the syntax.
X the number of unknowns X, ) might be infinite.

Our solution

Va e | A|, define F2: A= Boolk = Bool, such that:

[Pl.#[Ql. = [FPI#[FQ]

o If [P] # [Q], then 3a € |A], [P], # [Q],,
@ there are (p1, 1), - -, (P«, gk) such that

[FeP] (B, q) # [F*Q] (B.4)
o let C[] = F[l(pit @ qif) ... (Pxt @ Qi)
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On Generic Types B= C

in general, power series are much more complex:

S [Plpe [T %@

meM;(|B) beSupp(m)

X (m,c) € |B = C| might not correspond to a term in the syntax.
X the number of unknowns X, ) might be infinite.

Our solution

Va e | A|, define F2: A= Boolk = Bool, such that:

[Pl.#[Ql. = [FPI#[FQ]

o If [P] # [Q], then 3a € |A], [P], # [Q],,
@ there are (p1, 1), - -, (P«, gk) such that
[FeP] (B, q) # [F*Q] (B.4)
o let C[] = F[](pit ® g1 £) ... (Pxt & Qif)
@ by adequacy:

Prob(C[P],t) = [F?P] (B, G) # [F?Q] (B, d) = Prob(C[Q], t)
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A glance at the definition of F2

Given a € | A|, we define by mutual induction two terms:

Definition

if A= Bool,Nat,

ifA=C= D,

k@ a .
Bool" F F°: A= Bool
Bool® F N : A

F? = Ax“.if(x = b, t,Q)
NP =b

NUer-enbd) — XxCif(Afy (F%) x, Nd, Q)
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A glance at the weighted intersection type system

be {t, £} re,x*:mko M: a
A.lalFi x:a Fin:n I—% Coin:b r* ko AXAM: (m, a)

re’ Fo M : (m, b) V(a, I) em, r(.a’/) FB(a,i) N : a(a’,-)
T8 Wanem oy "o e fay M N D

r* o M:(m,b) Y(a,i) € m, i) P8 ) fix(M) : agaj)

re' vl Wia,nem ( ) D‘H(a,i)emﬁ(a,i) fIX(M) b

rPraM:n+1 e r*raM:n o M:a
r*rapM:n ¥ M ras(M):nt1 T FoxX M:a

rrFgM:0 A® ko N:a rrtgM:n+1 A® o P:a
F* WA kg, if(M,N,P): a M*WA® g, if(M,N,P): a
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