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Introduction
Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous
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IntroductionFolklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

What is BTT ?

What does it mean to be continuous ?

How do we prove it ?
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Introduction
At the end of this talk, you will know : 

- what continuity is, and why it is linked to effects 

- why it is difficult to mix MLTT (Coq) with effects 

- how BTT solves some problems (but not all) 

- how to prove continuity for BTT  
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I. Continuity
Simple example

5

f : ⇧(↵ : N ! N).N
f ↵ := 2 ⇥ (↵ (1 + (↵ 0)))
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f : ⇧(↵ : N ! N).N
f ↵ := 2 ⇥ (↵ (1 + (↵ 0)))

↵ m = k

↵ n = 1

↵ l = 0

↵ := �(n : N). n
� 0 ⌘ 0

� 1 ⌘ 1

� n ⌘ underspecified

↵ := �(n : N). n
� 0 ⌘ 0

� 1 ⌘ 1
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Simple example
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f : ⇧(↵ : N ! N).N
f ↵ := 2 ⇥ (↵ (1 + (↵ 0)))

0

1 2 ... S k ...

0 2 ... l ... 0 2 ... l ...

0 1 ... k ...

0 1 ... k ... 0 1 ... k ...

↵ m = k

↵ n = 1

↵ l = 0

↵ := �(n : N). n
� 0 ⌘ 0

� 1 ⌘ 1

� n ⌘ underspecified
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� 1 ⌘ 1
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Simple example

Continuity
A function f : (N ! N) ! A is said continuous
if there exists such a tree.
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Talking trees

We consider the following Dialogue operator :

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.
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We consider the following Dialogue operator :
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0 1 ... k ...

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.

Talking trees

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.
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For further information please ask the oracle

@ : ⇧{A : ⇤} (↵ : N ! N) (d : D A).A
@ ↵ (⌘ x) := x
@ ↵ (� k i) := @ ↵ (k (↵ i))

We consider the following decode function :
a

b

n

a0 m ... ak ...

b0 b1 ... l ...

c0 c1 ... ck ...

0 1 ... k ...

0 1 ... k ...

0 1 ... k ...
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@ : ⇧{A : ⇤} (↵ : N ! N) (d : D A).A
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b0 b1 ... l ...

c0 c1 ... ck ...

0 1 ... k ...

0 1 ... k ...

0 1 ... k ...

For further information please ask the oracle

↵ m = k

↵ n = 1

↵ l = 0

We consider the following decode function :
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We consider the following Dialogue operator :

b

a

n

a0 m ... ak ...

b0 b1 ... l ...

c0 c1 ... ck ...

0 1 ... k ...

0 1 ... k ...

0 1 ... k ...

Talking trees

(D, ⌘, bind) is a proto-monad up to extensionality

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.

22

I. Continuity



We consider the following Dialogue operator :
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c0 c1 ... ck ...

0 1 ... k ...

0 1 ... k ...

0 1 ... k ...

Talking trees

(D, ⌘, bind) is a ”moral” monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.
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For further information please ask the oracle
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Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵
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Continuity… Continuity everywhere
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Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Smaller theorem
Any function `T f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵

I. Continuity



II. The case of System T
Type theory for beginners
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System T

30

�, x : A `T x : A
�, x : A `T t : B

� `T �x . t : A ! B
� `T t : A ! B � `T u : A

� `T t u : B

� `T z : N

�, x : A `T x : A
�, x : A `T t : B

� `T �x . t : A ! B
� `T t : A ! B � `T u : A

� `T t u : B

� `T z : N

�, x : A `T x : A
�, x : A `T t : B

� `T �x . t : A ! B
� `T t : A ! B � `T u : A

� `T t u : B

� `T z : N

�, x : A `T x : A
�, x : A `T t : B

� `T �x . t : A ! B
� `T t : A ! B � `T u : A

� `T t u : B

� `T z : N

� `T t : N

� `T succ t : N

�, x : A `T x : A
�, x : A `T t : B

� `T �x . t : A ! B
� `T t : A ! B � `T u : A

� `T t u : B

� `T z : N

� `T t : N

� `T succ t : N

� `T t : N � `T u : A � `T v : A ! N ! A

� `T rec t u v : A

�, x : A `T x : A
�, x : A `T t : B

� `T �x . t : A ! B
� `T t : A ! B � `T u : A

� `T t u : B

� `T z : N
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System T + oracle
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System T + oracle
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↵ : N ! N `T t : N

`metatheory dt : D N

↵ : N ! N `T t : N

???

II. The case of System T
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Source theory (System T)

`CIC d : D N

↵ : N ! N `CIC t : N `CIC d : D N

↵ : N ! N `CIC t : NKind of logical relation
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Definition
For S and T two type theories, a syntactic model of S in T is:

I a translation [ ] of terms of S into terms of T ;

I a translation J K of types of S into types of T ;

I a translation J K of contexts of S into contexts of T ;

In our setting, S := T, T := CIC and the translations will be defined

by induction on the syntax of T
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by induction on the syntax of T

II. The case of System T



� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

Given α :             in CIC, we define the Axiomatic Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

II. The case of System T
The Axiomatic Translation
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A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

II. The case of System T
The Axiomatic Translation



Given α :             in CIC, we define the Axiomatic Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

II. The case of System T
The Axiomatic Translation



� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! ↵ : N ! N
�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

Given α :             in CIC, we define the Axiomatic Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

II. The case of System T
The Axiomatic Translation



Given α :             in CIC, we define the Axiomatic Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

Theorem
We have the following properties:

I Computational soundness: M ⌘ N implies [M]↵a ⌘ [N]↵a
I Typing soundness: � `T M : A implies J�K↵a `CIC [M]↵a : JAK↵a

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

II. The case of System T
The Axiomatic Translation

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! ↵ : N ! N
�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵
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� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

We define the Branching Translation: 

II. The case of System T
System Tree
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� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! ↵

� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

We define the Branching Translation: 

II. The case of System T
System Tree



� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! ???

We define the Branching Translation: 

� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

II. The case of System T
System Tree



� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

We define the Branching Translation: 

II. The case of System T
System Tree



� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

� `T t : A
Branching������!
Translation

J�Kb `CIC [t]b : JAKb

N �! D N
A ! B �! JAKb ! JBKb
x : A �! xb : JAKb
�x . t : A ! B �! �x . [t]b : JAKb ! JBKb
t u �! [t]b [u]b

z : N �! ⌘ 0 : D N
succ : N ! N �! map S : D N ! D N
rec : N ! A ! (A ! N ! A) ! A �!
�(u : JAKb)(v : JAKb ! JNKb ! JAKb).
bind (N rect (� . JAKb) u (�n a. v a (⌘ n)))

. �! .

�, x : A �! J�Kb, x : JAKb
↵ : N ! N �! �

We define the Branching Translation: 

Theorem
We have the following properties:

I Computational soundness: M ⌘ N implies [M]b ⌘ [N]b
I Typing soundness: � `T M : A implies J�Kb `CIC [M]b : JAKb

II. The case of System T
System Tree
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↵ : N ! N `T t : N

II. The case of System T
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`CIC [t]b : D N

↵ : N ! N `CIC [t]↵a : N

↵ : N ! N `T t : N

`CIC [t]b : D N

↵ : N ! N `CIC [t]↵a : N

II. The case of System T
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`CIC [t]b : D N

↵ : N ! N `CIC [t]↵a : N

↵ : N ! N `T t : N

`CIC [t]b : D N

↵ : N ! N `CIC [t]↵a : N

`CIC [t]b : D N

↵ : N ! N `CIC [t]↵a : N

Fundamental property : 8↵ : N ! N. [t]↵a = @ [t]b ↵We want to guarantee: 

II. The case of System T
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A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma

II. The case of System T

Given α :             in CIC, we define the Parametricity Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

A translation to bind them all
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A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma

Given α :             in CIC, we define the Parametricity Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

II. The case of System T
A translation to bind them all
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A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma

A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma

Given α :             in CIC, we define the Parametricity Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

II. The case of System T
A translation to bind them all
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Given α :             in CIC, we define the Parametricity Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma
J.K↵✏ := ↵ : N ! N
J�, x : AK↵✏ := J�K↵✏ , x : JAK↵a , xb : JAKb, x✏ : [A]

↵
✏ x xb

[↵ : N ! N]↵✏ := �✏

A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma

II. The case of System T
A translation to bind them all
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Given α :             in CIC, we define the Parametricity Translation: 

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )

⇤⇤b
✏ := Record {T : ⇤.

�A : ⇧(i : N). (N ! A) ! A
A✏ : A ! A ! ?
�↵
A✏

: ⇧(a : A)(i : N)(f : N ! A).
(A✏ a (f (↵ i))) ! (�A i f )

}

� `T t : A
Axiomatic������!
Translation

J�K↵a `CIC [t]↵a : JAK↵a

N �! JNK↵a := N
A ! B �! JAK↵a ! JBK↵a
x : A �! x : JAK↵a
�x . t : A ! B �! �x . [t]↵a : JAK↵a ! JBK↵a
t u �! [t]↵a [u]↵a
z : N �! 0 : N
succ : N ! N �! S : N ! N
rec : N ! A ! (A ! N ! A) ! A �! N rect (� . JAK↵a )
. �! .

�, x : A �! J�K↵a , x : JAK↵a
↵ : N ! N �! ↵

A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma
J.K↵✏ := ↵ : N ! N
J�, x : AK↵✏ := J�K↵✏ , x : JAK↵a , xb : JAKb, x✏ : [A]

↵
✏ x xb

[↵ : N ! N]↵✏ := �✏

Theorem
We have the following properties:

I Computational soundness: M ⌘ N implies [M]↵✏ ⌘ [N]↵✏
I Typing soundness: � `T M : A implies

J�K↵✏ `CIC [M]↵✏ : JAK↵✏ [M]↵a [M]b

A type Parametricity��������!
Translation

JAK↵✏ : JAK↵a ! JAKb ! ⇤

� `T t : A
Parametricity��������!
Translation

J�K↵✏ `CIC [t]↵✏ : JAK↵✏ [t]↵a [t]b

JNK↵✏ n nb := n = @ nb ↵

JA ! BK✏ f fb := 8x xb. (JAK↵✏ x xb) ! JBK↵✏ (f x) (fb xb)

[x : A]↵✏ := x✏ : JAK↵✏ x xb

[�x . t : A ! B]↵✏ := �(x : JAK↵a )(xb : JAKb)(x✏ : [A]↵✏ x xb). [t]
↵
✏

[t u : B]↵✏ := [t]↵✏ [u]↵a [u]b [u]↵✏
[z : N]↵✏ := refl 0

[succ : N ! N]↵✏ := succ lemma
[rec]↵✏ : := rec lemma

II. The case of System T
A translation to bind them all
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Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Any function `T f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵

II. The case of System T

We have the following:

First Theorem
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We have the following:

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Any function `T f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵

II. The case of System T
First Theorem
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We have the following:

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Any function `T f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵

II. The case of System T
First Theorem
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We have the following:

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Any function `T f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵

II. The case of System T
First Theorem
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We have the following:

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Any function `T f : (N ! N) ! N is continuous

Definition
A function f : (N ! N) ! A is said continuous if :

9d : DA. 8↵ : N ! N. f ↵ = @ d ↵

II. The case of System T
First Theorem



What about    ? 

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

In the axiom translation In the branching translation

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) ` ↵ : (N ! N)

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) `CIC ↵ : (N ! N)
`?

CIC � : (D N ! D N)
↵ : N ! N `?

CIC �" : JN ! NK↵✏ ↵ �

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) `CIC ↵ : (N ! N)
`?

CIC � : (D N ! D N)
↵ : N ! N `?

CIC �" : JN ! NK↵✏ ↵ �

II. The case of System T



What about    ? 

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

In the axiom translation In the branching translation

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) ` ↵ : (N ! N)

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) `CIC ↵ : (N ! N)
`?

CIC � : (D N ! D N)
↵ : N ! N `?

CIC �" : JN ! NK↵✏ ↵ �

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) `CIC ↵ : (N ! N)
`?

CIC � : (D N ! D N)
↵ : N ! N `?

CIC �" : JN ! NK↵✏ ↵ �

We want:

↵ : N ! N `T f ↵ : N

For any `CIC ↵ : N ! N:

[f ↵]↵✏ : JNK↵✏ [f ↵]↵a [f ↵]b

[f ↵]↵✏ : [f ]↵a ↵ = @ ([f ]b �) ↵

JN ! NK↵✏ ↵ � := 8n nb. (n = @ nb ↵) �! ↵ n = @ (� nb) ↵

II. The case of System T



What about    ? 

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

In the axiom translation In the branching translation

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) ` ↵ : (N ! N)

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) `CIC ↵ : (N ! N)
`?

CIC � : (D N ! D N)
↵ : N ! N `?

CIC �" : JN ! NK↵✏ ↵ �

`T : ⇧(↵ : N ! N) (nb : Nb). @N ↵ (�b nb) = ↵ (@N ↵ nb).

@N : (N ! N) ! Nb ! N
@N ↵ Ob := O

@N ↵ (Sb nb) := S (@N ↵ nb)
@N ↵ (�Nb i k) := @N ↵ (k (↵ i)).

↵ : (N ! N) `CIC ↵ : (N ! N)
`?
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A,B ,M,N ::= ⇤i | x | M N | �x : A.M | ⇧x : A.M

�,� ::= · | �, x : A

` ·
� ` A : ⇤i

` �, x : A

` � (x : A) 2 �

� ` x : A

` � i < j

� ` ⇤i : ⇤j

� ` A : ⇤i � ` M : B

�, x : A ` M : B

� ` A : ⇤i �, x : A ` B : ⇤j

� ` ⇧x : A.B : ⇤max(i,j)

� ` M : ⇧x : A.B � ` N : A

� ` M N : B{x := N}

�, x : A ` M : B � ` ⇧x : A.B : ⇤i

� ` �x : A.M : ⇧x : A.B

� ` M : A � ` B : ⇤i � ` A ⌘ B

� ` M : B



The effect of effects

III. Baclofen Type Theory

78

Inductive types in the Calculus of Inductive Constructions

Inductive B := true : B | false : B

� `
� ` B : ⇤i

� `
� ` true : B

� `
� ` false : B

� ` P : B ! ⇤i � ` ttrue : P true � ` tfalse : P false

� ` B rect P ttrue tfalse : ⇧b : B.P b

B rect P ttrue tfalse true ⌘ ttrue

B rect P ttrue tfalse false ⌘ tfalse

Inductive types in the Calculus of Inductive Constructions

Inductive B := true : B | false : B

� `
� ` B : ⇤i

� `
� ` true : B

� `
� ` false : B

� ` P : B ! ⇤i � ` ttrue : P true � ` ttrue : P false

� ` B rect P ttrue tfalse : ⇧b : B.P b
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� ` S : N ! N

� ` P : N ! ⇤i � ` tO : P O � ` tS : ⇧n : N.P n ! P (S n)

� ` N rect P tO tS : ⇧n : N.P n

N rect P tO tS O ⌘ tO

N rect P tO tS (S n) ⌘ tS n (N ind P tO tS n)
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tuple : ⇧{A : ⇤} (n : N).⇤
tuple A O := unit
tuple A (S k) := A ⇥ (tuple A k)

⇧(n : N)(↵ : N ! N). @N ↵ (t n) = ↵ n

8↵. n = @ (⌘ n) ↵

8↵. ↵ n = @ (� (⌘ n)) ↵

� : N ! D N := �n. � n (�k . ⌘ k)

� : D N ! D N := bind �

tuple(A : ⇤)(n : N) : ⇤ := N rect (�m. ⇤) unit (�k K . A⇥ K ) n
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Theorem
A dependent type theory that features

1. Dependent elimination

2. Substitution

3. An observable effect

is inconsistent.

Caveat
We are unable to prove continuity using this model.
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with restricted dependent elimination 
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But good theory nonetheless

` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).B store P b

where ✓B constant is the storage operator, getting rid of side effects.

We have the following reduction rules:

I B store P true ⌘ P true
I B store P false ⌘ P false
I B store P � underspecified for any � non standard inhabitant of B

` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).B store P b

where ✓B constant is the storage operator, getting rid of side effects.

We have the following reduction rules:

I B store P true ⌘ P true
I B store P false ⌘ P false
I B store P � ⌘ unit for any � non standard inhabitant of B

BTT

` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).P b
CIC
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` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).P b
CIC
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BTT = Dependent Type Theory 
with restricted dependent elimination 
to accommodate effects

⇧(n : N)(↵ : N ! N). @N ↵ (t n) = ↵ n

8↵. n = @ (⌘ n) ↵

8↵. ↵ n = @ (� (⌘ n)) ↵

� : N ! D N := �n. � n (�k . ⌘ k)

� : D N ! D N := bind �

tuple(A : ⇤)(n : N) : ⇤ := N rect (�m. ⇤) unit (�k K . A⇥ K ) n

tuple : ⇧{A : ⇤} (n : N).⇤
tuple A O := unit
tuple A (S k) := A ⇥ (tuple A k)
tuple A � := underspecified

III. Baclofen Type Theory



IV. The Dialogue Model of BTT
Big Tree Theory
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We consider the following Dialogue operator :

b

a

n

a0 m ... ak ...

b0 b1 ... l ...

c0 c1 ... ck ...

0 1 ... k ...

0 1 ... k ...

0 1 ... k ...

Talking trees

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.
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(D, ⌘, bind) is a ”moral” monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

IV. The Dialogue Model of BTT



We consider the following Dialogue operator :

b

a

n

a0 m ... ak ...

b0 b1 ... l ...

c0 c1 ... ck ...

0 1 ... k ...

0 1 ... k ...

0 1 ... k ...

Talking trees

(D, ⌘, bind) is a proto-monad up to extensionality

Inductive D (A : ⇤) : ⇤ :=
| ⌘ : A ! D A
| � : (N ! D A) ! N ! D A.

Blabla
D A is the type of well-founded, N-branching trees,

with inner nodes labeled in N and leaves in A.
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(D, ⌘, bind) is a ”moral” monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

IV. The Dialogue Model of BTT

We can build a BTT Model where types 
are interpreted as ’’moral’’ algebras of 



IV. The Dialogue Model of BTT
Moral-blablabla

We define the type of ’’moral’’ algebras of the Dialogue ’’moral’’ monad:

� ` t : A
Branching������!
Translation

J�Kb ` [t]b : JAKb

⇤⇤b := ⌃(A : ⇤). DA ! A

⇤⇤b ⇡ ⌃(A : ⇤). isAlgD(A)

⇤⇤b := ⌃(A : ⇤). ⇧(i : N). (N ! A) ! A
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� ` t : A
Branching������!
Translation

J�Kb ` [t]b : JAKb

⇤⇤b := ⌃(A : ⇤). DA ! A

⇤⇤b := ⌃(A : ⇤). ⇧(i : N). (N ! A) ! A
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� ` t : A
Branching������!
Translation

J�Kb ` [t]b : JAKb

⇤⇤b := ⌃(A : ⇤). DA ! A

⇤⇤b ⇡ ⌃(A : ⇤). isAlgD(A)

⇤⇤b := ⌃(A : ⇤). ⇧(i : N). (N ! A) ! A

Moral-blablabla

We define the type of ’’moral’’ algebras of the Dialogue ’’moral’’ monad:

IV. The Dialogue Model of BTT



We call such types Branching types

� ` t : A
Branching������!
Translation

J�Kb ` [t]b : JAKb

⇤⇤b := ⌃(A : ⇤). DA ! A

⇤⇤b := ⌃(A : ⇤). ⇧(i : N). (N ! A) ! A
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� ` t : A
Branching������!
Translation

J�Kb ` [t]b : JAKb

⇤⇤b := ⌃(A : ⇤). DA ! A

⇤⇤b ⇡ ⌃(A : ⇤). isAlgD(A)

⇤⇤b := ⌃(A : ⇤). ⇧(i : N). (N ! A) ! A

Moral-blablabla

We define the type of ’’moral’’ algebras of the Dialogue ’’moral’’ monad:

IV. The Dialogue Model of BTT



The Branching translation

� ` t : A
Branching������!
Translation

J�Kb ` [t]b : JAKb

⇤⇤b := ⌃(A : ⇤). DA ! A

⇤⇤b := ⌃(A : ⇤). ⇧(i : N). (N ! A) ! A

[x ]b := xb
[�x : A.M]b := �xb : JAKb. [M]b
[M N]b := [M]b [N]b
JAKb := [A]b.⇡1
J·Kb := ·
J�, x : AKb := J�Kb, xb : JAKb
⇤⇤b := ⌃(A : ⇤).⇧(i : N). (N ! A) ! A
J⇤Kb := ⇤⇤b

�⇤ := �(i : N) (k : N ! ⇤⇤b).fb

J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)

Figure: Branching Translation (negative fragment)
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The Branching translation

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive Nb :=

| 0b : Nb

| Sb : Nb ! Nb

| �Nb : (N ! Nb) ! N ! Nb.
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The Branching translation
[A]b := (JAKb,�A)

JNKb := Nb

�N := �Nb

J⇤Kb := ⇤⇤b

�⇤ := �(i : N) (k : N ! ⇤⇤b).fb

J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
[x ]b := xb
[�x : A.M]b := �xb : JAKb. [M]b
[M N]b := [M]b [N]b
J·Kb := ·
J�, x : AKb := J�Kb, xb : JAKb
⇤⇤b := ⌃(A : ⇤).⇧(i : N). (N ! A) ! A
J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
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The Branching translation
[A]b := (JAKb,�A)

JNKb := Nb

�N := �Nb

J⇤Kb := ⇤⇤b

�⇤ := �(i : N) (k : N ! ⇤⇤b).fb

J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
[x ]b := xb
[�x : A.M]b := �xb : JAKb. [M]b
[M N]b := [M]b [N]b
J·Kb := ·
J�, x : AKb := J�Kb, xb : JAKb
⇤⇤b := ⌃(A : ⇤).⇧(i : N). (N ! A) ! A
J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
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The Branching translation
[A]b := (JAKb,�A)

JNKb := Nb

�N := �Nb

J⇤Kb := ⇤⇤b

�⇤ := �(i : N) (k : N ! ⇤⇤b).fb

J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
[x ]b := xb
[�x : A.M]b := �xb : JAKb. [M]b
[M N]b := [M]b [N]b
J·Kb := ·
J�, x : AKb := J�Kb, xb : JAKb
⇤⇤b := ⌃(A : ⇤).⇧(i : N). (N ! A) ! A
J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
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The Branching translation
[A]b := (JAKb,�A)

JNKb := Nb

�N := �Nb

J⇤Kb := ⇤⇤b

�⇤ := �(i : N) (k : N ! ⇤⇤b).fb

J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
[x ]b := xb
[�x : A.M]b := �xb : JAKb. [M]b
[M N]b := [M]b [N]b
J·Kb := ·
J�, x : AKb := J�Kb, xb : JAKb
⇤⇤b := ⌃(A : ⇤).⇧(i : N). (N ! A) ! A
J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
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The Branching translation

[A]b := (JAKb,�A)

JNKb := Nb

�N := �Nb

J⇤Kb := ⇤⇤b

�⇤ := �(i : N) (k : N ! ⇤⇤b).fb

J⇧x : A.BKb := ⇧xb : JAKb. JBKb
�⇧x :A.B := �(i : N) (k : N ! ⇧x : JAKb. JBKb) (x : JAKb).

�B i (�n : N. k n x)
[x ]b := xb

[�x : A.M]b := �xb : JAKb. [M]b

[M N]b := [M]b [N]b

J·Kb := ·
J�, x : AKb := J�Kb, xb : JAKb
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V. The full model
3 syntactic translations for the price of 1
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A sense of déjà-vu

V. The full model

Explicit callsBlack box

` d : D N

↵ : N ! N ` t : N ` d : Nb

↵ : N ! N ` t : N
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Explicit callsBlack box

` d : D N

↵ : N ! N ` t : N ` d : Nb

↵ : N ! N ` t : N
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V. The full model
A sense of déjà-vu



Binary Parametricity

Explicit callsBlack box

` d : D N

↵ : N ! N ` t : N ` d : Nb

↵ : N ! N ` t : N
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V. The full model
A sense of déjà-vu



We build a syntactic model through a three-part translation : given

↵ : N ! N, � ` t : A will be translated as :

J�K↵a ` [t]↵a : JAK↵a

J�Kb ` [t]b : JAKb

J�K↵✏ ` [t]↵✏ : JAK↵✏ [t]↵a [t]b

Given ↵ : N ! N, � ` t : A will be translated as :

J�K↵a ` [t]↵a : JAK↵a

J�Kb ` [t]b : JAKb

J�K↵✏ ` [t]↵✏ : JAK↵✏ [t]↵a [t]b

Axiom translation

Branching translation

Parametricity 
translation
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The example of booleans

109

(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

V. The full model



The example of booleans

Inductive B :=

| true : B
| false : B.
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(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

V. The full model



The example of booleans

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.
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(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b
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The example of booleans

Inductive B↵
✏ : B ! Bb ! ⇤i :=

| true↵✏ : B↵
✏ true trueb

| false↵✏ : B↵
✏ false falseb

| �B↵
✏

: 8 (ba : B)

(f : N ! Bb)

(n : N)

(b✏ : B↵
✏ ba (f (↵ n))),

B↵
✏ ba (�Bb f n).

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.

(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b
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The example of booleans

Inductive B↵
✏ : B ! Bb ! ⇤i :=

| true↵✏ : B↵
✏ true trueb

| false↵✏ : B↵
✏ false falseb

| �B↵
✏

: 8 (ba : B)

(f : N ! Bb)

(n : N)

(b✏ : B↵
✏ ba (f (↵ n))),

B↵
✏ ba (�Bb f n).

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.

m

false false ... true ...

0 1 ... k ...
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(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b
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The example of booleans

Inductive B↵
✏ : B ! Bb ! ⇤i :=

| true↵✏ : B↵
✏ true trueb

| false↵✏ : B↵
✏ false falseb

| �B↵
✏

: 8 (ba : B)

(f : N ! Bb)

(n : N)

(b✏ : B↵
✏ ba (f (↵ n))),

B↵
✏ ba (�Bb f n).

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.

m

false false ... true ...

0 1 ... k ...
?
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(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

V. The full model



The example of booleans

Inductive B↵
✏ : B ! Bb ! ⇤i :=

| true↵✏ : B↵
✏ true trueb

| false↵✏ : B↵
✏ false falseb

| �B↵
✏

: 8 (ba : B)

(f : N ! Bb)

(n : N)

(b✏ : B↵
✏ ba (f (↵ n))),

B↵
✏ ba (�Bb f n).

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.

m

false false ... true ...

0 1 ... k ...

↵ m = k

↵ n = 1

↵ l = 0

?
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(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b
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The example of booleans

Inductive B↵
✏ : B ! Bb ! ⇤i :=

| true↵✏ : B↵
✏ true trueb

| false↵✏ : B↵
✏ false falseb

| �B↵
✏

: 8 (ba : B)

(f : N ! Bb)

(n : N)

(b✏ : B↵
✏ ba (f (↵ n))),

B↵
✏ ba (�Bb f n).

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.

m

false false ... true ...

0 1 ... k ...

↵ m = k

↵ n = 1

↵ l = 0

true

116

(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b
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Fundamental property :

The example of booleans

Inductive B↵
✏ : B ! Bb ! ⇤i :=

| true↵✏ : B↵
✏ true trueb

| false↵✏ : B↵
✏ false falseb

| �B↵
✏

: 8 (ba : B)

(f : N ! Bb)

(n : N)

(b✏ : B↵
✏ ba (f (↵ n))),

B↵
✏ ba (�Bb f n).

Inductive Bb :=

| trueb : Bb

| falseb : Bb

| �Bb : (N ! Bb) ! N ! Bb.

Inductive B :=

| true : B
| false : B.

(na, nb, n✏) : JNK↵g
na = @N ↵ nb

↵ na = @N ↵ �b nb

↵ (@N ↵ nb) = @N ↵ (�b nb)

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b

⇧(ba : B)(bb : Bb)(b✏ : B↵
✏ ba bb). ba = @ ↵ bb
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(D, ⌘, bind) is a proto-monad up to extensionality

⇧n : JNK↵g . [n]↵a = @ ↵ [n]b

JBK↵g ⌘ (JBK↵a , JBKb, JBK↵✏ ) ⌘ (B, Bb, B↵
✏ ) where :

⇧b : JBK↵g . [b]↵a = @ ↵ [b]b
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Final theorem

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Given

`BTT f : (N ! N) ! N

in the source theory, then

�↵. [f ]↵a ↵

is continuous in the target theory.
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A sense of déjà-vu (this subtitle is part of it)

Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Given

`BTT f : (N ! N) ! N

in the source theory, then

�↵. [f ]↵a ↵

is continuous in the target theory.
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Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Given

`BTT f : (N ! N) ! N

in the source theory, then

�↵. [f ]↵a ↵

is continuous in the target theory.

↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb

↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb
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Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Given

`BTT f : (N ! N) ! N

in the source theory, then

�↵. [f ]↵a ↵

is continuous in the target theory.

↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb

↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb
↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb

↵ : N ! N ` [f ]↵✏ �✏ : N✏ ([f ]
↵
a ↵)([f ]b �b)
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Folklore result
Any computable function is continuous

Theorem
Any function `BTT f : (N ! N) ! N is continuous

Theorem
Given

`BTT f : (N ! N) ! N

in the source theory, then

�↵. [f ]↵a ↵

is continuous in the target theory.

↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb

↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb
↵ : N ! N ` [f ]↵a ↵ : N

` [f ]b �b : Nb

↵ : N ! N ` [f ]↵✏ �✏ : N✏ ([f ]
↵
a ↵)([f ]b �b)
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` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).B store P b

where ✓B constant is the storage operator, getting rid of side effects.

We have the following reduction rules:

I B store P true ⌘ P true
I B store P false ⌘ P false
I B store P � underspecified for any � non standard inhabitant of B

` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).B store P b

where ✓B constant is the storage operator, getting rid of side effects.

We have the following reduction rules:

I B store P true ⌘ P true
I B store P false ⌘ P false
I B store P � ⌘ unit for any � non standard inhabitant of B

BTT

` P : B ! ⇤ ` ut : P true ` uf : P false

` B rect P ut uf : ⇧(b : B).P b
CIC

BTT = Dependent Type Theory 
  with restricted dependent elimination to accommodate effects
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  with restricted dependent elimination to accommodate effects

Ensure that P cannot discriminate between 
pure and effectful terms?
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` P : B ! ⇤ ` ut : P true ` uf : P false
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CIC

BTT = Dependent Type Theory 
  with restricted dependent elimination to accommodate effects

Ensure that P cannot discriminate between 
pure and effectful terms?

Quotients ?

Sheaves ?

Use an other proof technique altogether?
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↵ : N ! N ` t : N
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The axiomatic translation ` d : D N

↵ : N ! N ` t : N
Look at the structure of the term using NbE
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The axiomatic translation ` d : D N

↵ : N ! N ` t : N
Look at the structure of the term using NbE

Get the branching structure from the term itself



Conclusion
Thank you for watching
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