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Introduction

Theorem
Any function Fgt1 f : (N — N) — N is continuous



Introduction

Theorem
Any function Fg1T1 f : (N — N) — N is continuous

What is BT T ?
What does 1t mean to be continuous 7

How do we prove 1t 7



Introduction

At the end of this talk, you will know :

- what continuity 1s, and why 1t 1s linked to effects
- why it is difficult to mix MLTT (Coq) with effects
- how BTT solves some problems (but not all)

- how to prove continuity for BT T



|. Continuity

Simple example

f : [M(ao: N — N).N
fa = 2x(a(l+(x0)))
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|. Continuity

Simple example

f : [M(a: N — N).N Q0 = A(n:N). n
— 0 = 0
fa 2 X (a (14 (a 0))) 51 = 1
B n = underspecified

N < H—H<{—O0—O



|. Continuity

Simple example

f : [M(a: N — N).N Q0 = A(n:N). n
fa = 2x(a(l+(a0))) gg - (1>
B n = underspecitied
OW.(.).\k\
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|. Continuity

Simple example

f : M(a: N — N).N a = An:N).n
o 50 = 0
fa 2 X (a (14 (a0))) 51 = 1
8 n = underspecified

1  2/ i \Sk\

o%'
i \/\... 0/2/ i \/\...

A function £ : (N — N) — A is said continuous
if there exists such a tree.

12



|. Continurty
Talking trees

We consider the following Dialogue operator :

Inductive © (A : ) :
n:A—53 A
B:(N—-D A —-N-—- A.
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|. Continurty

Talking trees

We consider the following Dialogue operator :

Inductive © (A : ) :

n:A—53 A

B:(N—-D A —-N-—- A.
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|. Continuity
Talking trees

We consider the following Dialogue operator :

Inductive © (A : [J):
n:A—5 A
B:(N—=>DA) >N A.

%) A'is the type of well-founded, N-branching trees, ;
with inner nodes labeled in N and leaves in A. / %

bo
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|. Continuity
For further information please ask the oracle

We consider the following decode function :

0 : M{A: O} (a: N—=N)(d:D A). A
J a (n x) = X
Jda (B ki) = 0Jal(k(ai))
ao/
— <.
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|. Continuity
For further information please ask the oracle

We consider the following decode function :

0 : M{A: O} (a: N—=N)(d:D A). A
J a (n x) = X
Jda (B ki) = 0Jal(k(ai))
ao/
— <.
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|. Continuity
For further information please ask the oracle

We consider the following decode function : l

QL
O <

0 : M{A: O} (a: N—=N)(d:D A). A
J a (n x) = X
da (B ki) = 0al(k(ai))
| .
O T
an=1 — 17 | .
L /b < I \/\
O
L T
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|. Continuity
For further information please ask the oracle

We consider the following decode function : l

QL
O <

9, : [{A: U} (a:N—=>N)(d: D A). A
J a (n x) = X
da (B ki) = 0al(k(ai))
| ..
e L T
an=1 17 | T
1N = k bo /bl/ \/\
B

20



|. Continuity
For further information please ask the oracle

We consider the following decode function : l

QL
O <

9, : [{A: U} (a:N—=>N)(d: D A). A
J a (n x) = X
da (B ki) = 0al(k(ai))
i LS
W L, T
an=1 — 17 | T
1N = k bo /bl/ \/\
o | =0 e oL S T
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|. Continuity
Talking trees

We consider the following Dialogue operator :

Inductive © (A: 1) :
n:A—5 A
B:(N—=>DA) >N A.

(D, n, bind) is a monad up to extensionality a0

22
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|. Continuity

Talking trees

We consider the following Dialogue operator :

Inductive © (A:0J):
n:A—5 A

(D, n, bind) is a "moral” monad

B:(N—=>DA) >N A.

23
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|. Continuity

Talking trees

We consider the following Dialogue operator :

Inductive © (A:0J):
n:A—5 A

(D, n, bind) is a "moral” monad

q It 1s an effect!

B:(N—=>DA) >N A.

24
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|. Continuity

For further information please ask the oracle

Inductive © (A : ) : =
n:A—5 A
B:(N—=-DA) >N-—->D A

Definition
A function f : (N — N) — A is said continuous if :

d: DA . Va:N—=N.fa=0d «



|. Continurty

Continuity... Continuity everywhere

Folklore result
Any computable function is continuous
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Continuity... Continuity everywhere

Folklore result
Any computable function is continuous

Theorem
Any function Fgt1 f : (N — N) — N is continuous
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|. Continuity

Continuity... Continuity everywhere

Folklore result
Any computable function is continuous

Theorem
Any function Fgt1 f : (N — N) — N is continuous

Smaller theorem
Any function -1 f : (N — N) — N is continuous

28



[l. The case of System T

Type theory for beginners



[|. The case of System T

System T
[ 1 t: N
[, x:AFT X A [ =1 z: N [ =1 succ t: N
[ -+ t:A—> B [ -t u: A [, x: AT t: B
[ -1 tu:B [ -1 M x.t: A— B

[ -1 t: N [ 1 u: A [ v:A—->N—A

[ Frrectuv: A

30



[|. The case of System T

System T + oracle

[ 1 t: N
[, x:AFT X A [ =1 z: N [ =1 succ t: N
[ -+ t:A—> B [ -t u: A [, x: AT t: B
[ -1 tu:B [ -1 M x.t: A— B

[ -1 t: N [ 1 u: A [ v:A—->N—A

[ Frrectuv:A [ F+ o : N — N

31



[|. The case of System T

System T + oracle

o :N—NFtt:N

j???

i7meta’cheory dt O N
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Source theory (System T)

[|. The case of System T

System T + oracle

Target theory (Coq) Target theory (Coq)

o:N—=>Nrcct:N —cic d : 9 N



Source theory (System T)

[|. The case of System T

System T + oracle

Target theory (Coq) Target theory (Coq)

o:N—>NkFcct:N —cic d O N
)

Kind of logical relation



The case of System T

Definition

For S and T two type theories, a syntactic model of S in 7T is:

» a translation [_]| of terms of &S into terms of T;

» a3 translation |

» a3 translation ||_]

| of types of S into types of T

of contexts of S into contexts of 7



- The case of System T

Definition
For S and T two type theories, a syntactic model of S in 7T is:
» a translation [_] of terms of S into terms of T

> a translation [_] of types of S into types of T;

» a translation |_|| of contexts of S into contexts of T;

In our setting, S := T, 7 := CIC and the translations will be defined
by induction on the syntax of T



[|. The case of System T

The Axiomatic Translation
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[|. The case of System T

The Axiomatic Translation

Given o : N — N jn CIC, we define the Axiomatic Translation:

Axiomatic
| P t: A — —>
Translation

L

—cic [t]5

L O



[|. The case of System T

Axiomatic
[ Frt: A @ a . =
The Axiomatic Translation Tt Trans/ation> Mz Fac (s - 1Al

Given o : N — N jn CIC, we define the Axiomatic Translation:

N — [NJ2 =N

A B s [Al2 - [B]

x: A —  x: A

Ax.t:A— B — xS [AlS — [B]S
tu — [tlg [ul3

z : N — O0:N

succ : N — N — S:N—=N

rec: N -A—-(A—-N—-A) —A — N_rect (A_. [A]3)



[|. The case of System T

Axiomatic
[ Frt: A @ a . =
The Axiomatic Translation Tt Trans/ation> Mz Fac (s - 1Al

Given o : N — N jn CIC, we define the Axiomatic Translation:

: —  a: N —= N
X 1A —  [3, x: [Alg
a:N—N —



[|. The case of System T

Axiomatic o o
[+ t: A s T Fac [He

The Axiomatic Translation Translation

Given o : N — N jn CIC, we define the Axiomatic Translation:

. — o :N —= N
[ x: A — TS, x: [A]S

o : N — N —
Theorem

We have the following properties:
» Computational soundness: M = N implies [M|%¢ = [N]¢
» Typing soundness: [ -1 M : A implies || Fcic [M]S @ [A[

IA]

@7
d



[|. The case of System T

System Tree

We define the Branching Translation:

Branchin
[t A "5 [T Fac [ty : [AlL

Translation




[|. The case of System T

Branching
t: A > [ tl, : [A
SyStem Tree ! Translation |[ ]]b Clc [ ]b |[ ]]b

We define the Branching Translation:

N — 9N

A— B —  |Allp — |B]s

x: A —  xp: |A]p

Ax. t:A— B — x|ty [Alp — | B]
t u —  |tlp |ulp

z: N — n0: DN

succ : N — N — mapS:H N - N
rec: N—-=A—=(A—=>N—=>A) > A —

Au: [Alp)(v:|Allp — [Nl — [Alp).
bind (N_rect (A-. [A]p) u (An a. v a(n n)))



[|. The case of System T

System Tree

We define the Branching Translation:

[ x: A
a: N — N

Tt A

Branching

Translation

7

il

cic |tlp : |A]b

|[I']]b, X . |[A]]b
277



[|. The case of System T

System Tree

We define the Branching Translation:

[.x: A
a:N—N

Tt A

Branching

Translation

7

il

cic |tlp : |A]b



[|. The case of System T

Branching
t: A > [ tl, : [A
SyStem Tree ! Translation |[ ]]b Clc [ ]b [[ ]]b

We define the Branching Translation:

: 7 :
[Lx: A > |[Tp, x:[Alp
a: N — N >

Theorem
We have the following properties:

» Computational soundness: M = N implies (M|, = [N|,
> Typing soundness: [ I_T M: A implies [[I']]b |_CIC [M]b Z |[A]]b
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o :N—=NFt+t:N

/ \
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[|. The case of System T
o :N—=NFt+t:N

/ \

o N — N Fc|c [t]giN —CIC [t]bZ@N

We want to guarantee: Va : N — N. [t]g — 0 [t]b Y



[|. The case of System T

A translation to bind them all

Given o : N — N in CIC, we define the Parametricity Translation:

A type Parametricity> ﬂAﬂg : I[A]]g N ﬂAﬂb N

Translation

54




[|. The case of System T

A translation to bind them all

Given o : N — N in CIC, we define the Parametricity Translation:

A type Parametricity> ﬂAﬂg : I[A]]g N ﬂAﬂb N

Translation

Parametricit o o o o
[ Frt: A = [T Fac [t2 2 [AI2 [1]5 [t]s

Translation

55



[|. The case of System T

A type

A translation to bind them all [ransiation
r |_T A Parametr:c:ty\

Parametricity\

Ale - 1AlT — 1Alb —

IFle Fac [t 1AL [tl5 [t]s

Translation

Given o : N — N in CIC, we define the Parametricity Translation:

IN|& n np = n=dJ n,a

A — B, f f, = Vx xp. (|A]S x xp) = |B|& (f x) (5 xp)
x Al = x :||AY x xp

M. t: A= BlY = Ax: A9 [Allp)(xe : [AlS x xp). ]S
tu: B¢ = ltle [uly [ulp [ule

z: N|? = refl 0

'succ: N — N[ := succ_lemma

rec|t ‘= rec_lemma

56



[|. The case of System T

A translation to bind them all

Given o : N — N in CIC, we define the Parametricity Translation:

|-l
M x - Al
o N — NI|&

v .

A type

[ FTt: A

N — N

Parametricity\

Translation

Parametricity\

Translation

Ale - 1AlT — 1Alb —

IFle Fac [t 1AL [t [t]s

T, x: [AlS, xb: |Alp, x: |AlS x xp

Ve

57



[|. The case of System T

A type

A translation to bind them all [ransiation
r |_T A Parametr:c:ty\

Parametricity\

Ale - 1AlT — 1Alb —

IFle Fac [t 1AL [t [t]s

Translation

Given o : N — N in CIC, we define the Parametricity Translation:

L] = «a:N—N

I, x Al = |[[]%, x: A5, xb: |A]p, x 1 [A]Z x x4
o N — NJ|Z = Y

Theorem

We have the following properties:
» Computational soundness: M = N implies [M|¢ = [N|¢
» Typing soundness: [ -t M : A implies
[F1e Fac IM] - [AlE M]S [M]p

58



[|. The case of System T

First Theorem

We have the following:

Theorem
Any function 1 f : (N — N) — N is continuous
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[|. The case of System T

First Theorem

We have the following:
1 f:(N—N)—N
) :N—->NFrfa:N

For any ¢cic a : N — N:
ool CINJE I ol 1f als

e [f 0|8 [f]T a =0 ([f]p7) @



[|. The case of System T

What about o 7

In the axiom translation In the branching translation

a:(N—-N)Fa:(N—N) Fae 7 (D N —= D N)

a:N%NI—?Clc%:ﬂN%N]]Sa y
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What about o 7

In the axiom translation In the branching translation
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a:N%NI—?Clc%:ﬂN%N]]Sa y
\We want:

IN— N[& a~y



[|. The case of System T

What about o 7

In the axiom translation In the branching translation

a:(N—-N)Fa:(N—N) Fae 7 (D N —= D N)

a:N%NI—?Clc%:ﬂN%N]]Sa y
\We want:

IN— N[ av:=Vnn,. (n=0n,a)—an=0(y np) «




[|. The case of System T

What about & 7 IN—= N[ av:=Vnn,. (n=0n, o) —an=0 (v np) «

Inductive © (A : 1) :
n:A—5 A
B:(N—=>DA -N—=D A.

0 : M{A: O} (a: N—=N)(d:D A). A
J a (n x)
O a (B ki)

X

0 a(k (ai))



[|. The case of System T

What about o 7

Inductive © (A:
n:A—-5 A

For any numeral n:

Va.n=0 (n n) «

) :

B:(N—->D A) —->N-—=D A

0
0 a (n x)

O a (B ki)

IN—=N|®avy:=Vnn, (n=0n, a) — an=209 (7 np) a

M{A: O} (a: N—=N)(d: D A). A

0 a(k(ai))




[|. The case of System T

What about o 7

Inductive © (A:
n:A—-5 A

For any numeral n:

Va.n=0 (n n) «

) :

B:(N—->D A) —->N-—=D A

IN—=N|®avy:=Vnn, (n=0n, a) — an=209 (7 np) a

0 M{A: O} (a: N—=-N)(d: D A). A

0 a (n x) = X

da (B ki) = 0Jal(k(ai))
M \/;




[|. The case of System T

What about & 7 IN—= N[ av:=Vnn,. (n=0n, o) —an=0 (v np) «
Inductive © (A:[): = %, - MA: O} (a:N—=N)(d:D A).A
n:A—53 A 0 a (n x) = X
B:(N=DA -N—-D A da (B ki) = 0al(k(ai))

For any numeral n:

n M

Va.n=0 (n n) «

Va. a n=0 (v (n n)) «
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n:A—53 A 0 a (n x) = X
B:(N=DA -N—-D A da (B ki) = 0al(k(ai))

For any numeral n:

Va.n=0 (n n) «
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[|. The case of System T

What about & 7 IN—= N[ av:=Vnn,. (n=0n, o) —an=0 (v np) «
Inductive © (A:[): = %, - MA: O} (a:N—=N)(d:D A).A
n:A—53 A 0 a (n x) = X
B:(N=DA -N—-D A da (B ki) = 0al(k(ai))
We define

0 :N— D N:=An. 8 n(\k.n k)



[|. The case of System T

What about & 7 IN—= N[ av:=Vnn,. (n=0n, o) —an=0 (v np) «
Inductive © (A:[): = %, - MA: O} (a:N—=N)(d:D A).A
n:A—53 A 0 a (n x) = X
B:(N=DA -N—-D A da (B ki) = 0al(k(ai))
We define

5:NoDN:=An. Bn(OMk.n k) n e o1 )N~
( 1K) 0/1/




[|. The case of System T

What about & 7 IN—= N[ av:=Vnn,. (n=0n, o) —an=0 (v np) «
Inductive © (A:[): = %, - MA: O} (a:N—=N)(d:D A).A
n:A—53 A 0 a (n x) = X
B:(N=DA -N—-D A da (B ki) = 0al(k(ai))
We define

5:NoDN:=An. Bn(OMk.n k) n e o1 )N~
( 1K) 0/1/

v: N—% N:=bind 0



[||. Baclofen Type T heory

T he effect of effects



A B, MN:=0;|x|MN|Xx:AM|lx: A M

A= |[,x: A
[+ A: O =T (x: A) el =T | <
I, x: A [ Fx: A =0 L
[ A : L [ -M: B [ A : L [, x: A+ B : 1]
[ . x:AF-M: B [ FTlx: A B :

max(i.j)
[ - M:Ilx: A B [N A
[FM N: B{x:= N}
[ . x:AFM:B [ FTIx: A B : L
[ XA M:Ilx: A B

[ M A [ - B : L]; [FA=B
[ -M: B

’r’




[Il. Baclofen Type T heory

T he effect of effects

3 —

Inductive

[+

P 1= true ;

[+ true ;

3

3 | false : B
[
[ F false : B

i [ tirue : P true [ trase @ P false

[

B_rect P ttrue Tralse -

[1b:B.P b

%_reCt P ttrue tfalse true — ttrue

B_rect P tiye tralce false = tr)ee



[Il. Baclofen Type T heory

T he effect of effects

Inductive N:=0O:N|S:N—= N

[ [ [
[+ N : [ [ O: N [FS: N —- N

[FP:N—>0O  T+Ftg:PO Thrts:Mn:N.Pn—P(Sn)

[ W N_rect P to ts : [ln: N. P n

N_rect P tp t5s O = to

N_rect P tg tg (S n) = g N (N_ind P to ts n)



[Il. Baclofen Type T heory

T he effect of effects

[

Inductive N:=0:N|S:N— N

[

[ = N: L] [FO:N

[HP:N— O

[Fto: PO

[
[FS:N—N

[Fts:MMn:N.P n— P (S n)

[ F N_rect Pto ts: ln:N.P n

tuple(A:

tuple
tuple A O

tuple A (S k)

)(n:N):

[1{A :

unit

= N_rect (Am.

80

N_rect P to ts O = to

N_rect P to ts (S n) = ts n (N_ind P tg ts n)

}(n:N).

A X (tuple A k)

) unit (Ak K. Ax K) n




[|l. Baclofen Type [ heory

T he effect of effects

Inductive N:=0O:N|S:N—= N

[ [ [
[+ N : [ [ O: N [FS: N —- N

[FP:N—>0O  T+Ftg:PO Thrts:Mn:N.Pn—P(Sn)

[ W N_rect P to ts : [ln: N. P n

81



[Il. Baclofen Type T heory

T he effect of effects

Theorem
A dependent type theory that features

1. Dependent elimination
2. Substitution
3. An observable effect

IS Inconsistent.

82



[Il. Baclofen Type T heory
BTT
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[|l. Baclofen Type [ heory

But good theory nonetheless

BTT = Dependent Type Theory
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[|1. Baclofen Type T heory

But good theory nonetheless

BTT = Dependent Type Theory

with restricted dependent elimination
to accommodate effects

P:B— us : P true ur : P false
CIC
- B_rect P uy ur : T1(b:B).P b
FP: B — — u; 1 P true = ur : P false
BTT

— B_rect P u; uf : T1(b: B).B_store P b

8 _store P true = P true
B _store P false = P false

B3_store P 3 underspecified for any 3 non standard inhabitant of




[Il. Baclofen Type T heory

But good theory nonetheless

BTT
BTT = Dependent Type Theory
_ _ o _ FP:B— — u; : P true - ur : P false
with restricted dependent elimination “Brect P up ur - T(b - BY. Bstore P b
to accommodate effects B_store P true = P true
- P B — Uy Ptrue - oup: P false B_store P false = P false
CIC B_store P (8 underspecified for any 8 non standard inhabitant of B

FB_rect P us us : TI(b:B).P b

tuple(A: U)(n:N)::=N_rect (Am. 1) unit (Ak K. AX K) n
tuple : [M{A:O}(n:N).
tuple A O = unit

tuple A (S k)
tuple A 3

A X (tuple A k)
underspecified
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Talking trees

We consider the following Dialogue operator :

Inductive © (A : ) :
n:A—53 A
B:(N—-D A —-N-—- A.

(D, n, bind) is a "moral” monad

F
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V. The Dialogue Model of BT T

Talking trees

We consider the following Dialogue operator : l

L
O <

Inductive © (A : ) :
n:A—53 A
B:(N—-D A —-N-—- A.

o/l/n\\

(2, », bind) is a "'moral” monad e ST
N e can build o BTT Model where 1 0//1/\*
e can build a odel where types
' ’) ’) ol bo /b1 e \( / \
are interpreted as moral’ algebras of 3) T X

o~ 17 L Tk T

co 1 Ck
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V. The Dialogue Model of BT T
Moral-blablabla

We define the type of "moral’” algebras of the Dialogue 'moral’”” monad.

b~ Y(A:0). isAlg,(A)
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We define the type of "moral’” algebras of the Dialogue 'moral’”” monad.

b
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V. The Dialogue Model of BT T

Moral-blablabla

We define the type of "moral’” algebras of the Dialogue 'moral’”” monad.

b

N\
N\

Y (A : 0). isAlg (A)

2 (A: L

We call such types Branching types

). N/ : N).(N— A) — A
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V. The Dialogue Model of BT T

The Branching translation

M-t A “ranching T, [t : Al

Translation
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V. The Dialogue Model of BT T

The Branching translation

Inductive

truep
falsey, :

‘Bbi

D b

D b

ﬁgbi (N%

%b)%N%

98

Inductive Nj =

ObZNb
Sb:Nb%Nb
On, + (N —= Np) = N = Ny,
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The Branching translation

Alp = (lAlb, Ba)
IN = N
ON = [N,
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V. The Dialogue Model of BT T

The Branching translation

(L1A]b, Ba)

Np
BN,

b
Ai:N)(k:N— [IP). U,

Mxp 2 [Alb- [Bls
ANi:N)(k:N—=TIx: [Alp. [Blp) (x: [Alp).
Be i ():O?:N.k n x)



V. The Dialogue Model of BT T

The Branching translation

x| p = Xp
A A Ml = Axp: Al [M]p
M N|p = [M]p [N|p

—
oy
1l

.[[r]]baxb Al



V. The full model

3 syntactic translations for the price of 1
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a.:N—-=NFt:N — d : Ny

Black box Explicit calls
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V. The full model

A sense of déja-vu

a.:N—-=NFt:N — d : Ny

Black box M

Binary Parametricity

Explicit calls

[ -
[ -
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V. The full model

A sense of déja-vu

Given o : N —= N, [+ t: A will be translated as :
ﬂl_]]g — [t]g : |[A]]§‘ Axiom translation

I[r]]b — [t]b : I[A]]b Branching translation

Parametricity

e = Ltle - LALE 1tla [tls  4anstation



V. The full model

The example of booleans

{

s P

%ﬂba H

Ble) = (

b

)

)

37) where
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V. The full model

The example of booleans

(IB]5, |

Inductive

true : B
false : B.

%ﬂba H

D 1=

Ble) = (

b

)

)

37) where
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V. The full model

The example of booleans

(IBlS, |Blp, |Bl&) = (B, By, BY) where :

Inductive I = Inductive B) =
true . I truep : 1By
false . BB. falsep, 1 By
Og, : (N = Bp) - N — By
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V. The full model

The example of booleans

true
false :

(IB]5, |

Inductive

b

%ﬂba H

3.

3lc) = (B,

Inductive By :

D b

)

truep @ Bp
falsep, : By
6[3313 : (N —

%b)%N%

112

37) where

Inductive BY

3 —

%b%

truel: B true truep
falset : B false falsey
615324 .V (ba : %)
(f: N — %b)
(n: N)
(be : BE by (f (e
b¢ ba (BBb fn)




V. The full model

The example of booleans

(IB]5, |

Inductive

true : B
false : B.

%ﬂba H

AT
|

3lc) = (B,

Inductive By :

0

/

false false

D b

)

37) where

truep @ Bp
falsep, : By
6[ng : (N —

%b) — N — %b-

-~
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truel: B true truep
falset : B false falsey
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V. The full model

The example of booleans

{

] g

ﬂ

Inductive

true
false :

b

3.

%ﬂba H

3] ) = (B

Inductive By :
truep .
falsey, :
(N —

OB,

)

D b

)

D b
D b

37) where

%b) — N — %b-
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3 —
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B true truep
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V. The full model

The example of booleans

true
false :

(IB]5, |

Inductive

b

%ﬂba H

3.

3lc) = (B,

Inductive By :

D b

)

truep @ Bp
falsep, : By
6[8%1, : (N —

%b)%N%
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Inductive BY

Y.
true, :

falseX* -

3 —

B true truep
3 false falsey,

%b%




V. The full model

The example of booleans

Inductive B = Inductive By =
true : B truey 1 By true.*:
false : IB. falsep : By falseX*
Og, : (N—=B,) - N—= B, Bpe : V
m €
true —-C—l O//l/\k\\
false false true\ .

(IB]5, |

%ﬂba H

3lc) = (B,

D b

)
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V. The full model

The example of booleans

(IB]5, |

Inductive

true : B
false : B.

Fundamental property : T1(b; :

%ﬂba H

D 1=

3] ) = (B

Inductive By :
truep .
falsey, :
(N —

OB,

)

D b

)

D b
D b

37) where

%b) — N — %b-

Inductive BY

Y.
true, :

fa [se

Y

Z 33? b, bb). b,

3 —

B true truep
. B false falsep,

- B)

— %b)

(b
(fN
(1
(be

P b, (6@3[) fn)

%b%

:a&bb




V. The full model

Final theorem

Theorem
Given

FBTTfZ(N%N)%N

in the source theory, then
Aa. [f]5 @

is continuous in the target theory.



V. The full model

A sense of déja-vu (this subtitle is part of it)
BTT f(N%N)%N
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V. The full model

A sense of déja-vu (this subtitle is part of it)
BTT f(N%N)%N

a:N—=NF[f]S a:N = (flp Vb : Np
a:N—= NF [~ Ne ([F5 a)([fls 7p)

[M(a:N—=N). fa=0«a(|flp V)
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Meta C

Fcic continuous (Aa. [f] a)
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Meta C

—cic continuous (Aa. [f]5 «)

Fe7T Axiom @ : 1 : (N — N) — N. continuous f
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Future work

Going internal ?

BT f(N%N)%N
Meta (

Fcic continuous (Aa. [f] a)

Fe7T Axiom @ : 1 : (N — N) — N. continuous f
Meta C

Faic (@], : [ : (N — N) — N. continuous f|,

No-go theorem for CIC:
Faic (MF : (N — N) — N. continuous f) - 0 =1
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Future work
Going CIC ?

BTT = Dependent Type Theory
with restricted dependent elimination to accommodate effects

-FP: B — - us : P true - ur: P false
CIC
- B_rect P us us : T(b:B). P b
-P:B — - us : P true = ur : P false
BTT

- B_rect P u; ur : T1(b: B).B_store P b

B_store P true = P true
B_store P false = P false

B_store P 8 underspecified for any 5 non standard inhabitant of B
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-P:B — - us : P true = ur : P false
BTT
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Future work
Going CIC ?

BTT = Dependent Type Theory
with restricted dependent elimination to accommodate effects

-FP: B — - us : P true - ur: P false
CIC
- B_rect P us us : T(b:B). P b
-P:B — - us : P true — ur : P false
BTT

- B_rect P u; ur : T1(b: B).B_store P b

B_store P true = P true
B_store P false = P false

B_store P 8 underspecified for any 5 non standard inhabitant of B
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Ensure that P cannot discriminate between
pure and effectful terms?

Quotients ?

Sheaves ?

Use an other proof technique altogether?
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a.:N—=NFt:N

» Look at the structure of the term using NbE
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Back to square 1

The axiomatic translation

a.:N—=NFt:N

» Look at the structure of the term using NbE

\ V8

Get the branching structure from the term itself
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Conclusion
Thank you for watching
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